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^ ! ABSTRACT 

CN ■ In the light of the duality between physics in the bulk of anti-de Sitter space and a 

' conformal field theory on the boundary, we review the M2, D3 and Mb branes and how 

ON ■ 

their near-horizon geometry yields the compactification of D = 11 supergravity on S , 
Type II B supergravity on S 5 and D = 11 supergravity on S 4 , respectively. We discuss 
the "Membrane at the End of the Universe" idea and its relation to the corresponding 



super conformal singleton theories that live on the boundary of the AdS^, AdS§ and AdSj 
vacua. The massless sectors of these compactifications are described by the maximally 
supersymmetric D = 4, D = 5 and D = 7 gauged supergravities. We construct the 
non-linear Kaluza-Klein ansatze describing the embeddings of the f/(l) 4 , C^(l) 3 and U(l) 2 
truncations of these supergravities, which admit 4-charge AdS^, 3-charge AdS§ and 2- 
charge AdSj black hole solutions. These enable us to embed the black hole solutions back 
in ten and eleven dimensions and reinterpret them as M2, D3 and M5 branes spinning in 
the transverse dimensions with the black hole charges given by the angular momenta of the 
branes. A comprehensive Appendix lists the field equations, symmetries and transformation 
rules of D = 11 supergravity, Type IIB supergravity, and the M2, D2> and M5 branes. 
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1 INTRODUCTION 



1.1 Supergravity, super membranes and M-theory 

A vital ingredient in the quest for a unified theory embracing all physical phenomena is 
super symmetry, a symmetry which (a) unites bosons and fermions, (b) requires the exis- 
tence of gravity and (c) places an upper limit of eleven on the dimension of spacetime. For 
these reasons, in the early 1980s many physicists looked to eleven-dimensional supergravity 
in the hope that it might provide that elusive superunified theory. Then in 1984 superuni- 
fication underwent a major paradigm-shift: eleven-dimensional supergravity was knocked 
off its pedestal by ten-dimensional superstrings , one-dimensional objects whose vibrational 
modes represent the elementary particles. Unlike eleven-dimensional supergravity, super- 
strings provided a perturbatively finite theory of gravity which, after compactification to 
four spacetime dimensions, seemed in principle capable of explaining the Standard Model 
of the strong, weak and electromagnetic forces including the required chiral representations 
of quarks and leptons. 

Despite these major successes, however, nagging doubts persisted about superstrings. 
First, many of the most important questions in string theory — How do strings break 
supersymmetry? How do they choose the right vacuum state? How do they explain the 
smallness of the cosmological constant? How do they resolve the apparent paradoxes of 
quantum black holes? — seemed incapable of being answered within the framework of a 
weak coupling perturbation expansion. They seemed to call for some new, non-perturbative, 
physics. Secondly, why did there appear to be five different mathematically consistent 
superstring theories: the Eg x E% heterotic string, the 50(32) heterotic string, the SO (32) 
Type I string, the Type II A and Type IIB strings? If one is looking for a unique Theory of 
Everything, this seems like an embarrassment of riches! Thirdly, if supersymmetry permits 
eleven dimensions, why do superstrings stop at ten? This question became more acute with 
the discoveries of the elementary supermembrane in 1987 and its dual partner, the solitonic 
superfivebrane, in 1992. These are supersymmetric extended objects with respectively two 
and five dimensions moving in an eleven-dimensional spacetime. Finally, therefore, if we 
are going to generalize zero-dimensional point particles to one-dimensional strings, why 
stop there? Why not two-dimensional membranes or more generally p-dimensional objects 
(inevitably dubbed p-branes)? Although this latter possibility was pursued by a small 
but dedicated group of theorists, starting in about 1986, it was largely ignored by the 
mainstream physics community. 
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Well, the year 1995 witnessed a new paradigm-shift: perturbative ten-dimensional su- 
perstrings have in their turn been superseded by a new non-perturbative theory called M- 
theory, which describes, amongst other things, supermembranes and superfivebranes, which 
subsumes the above five consistent strings theories, and which has as its low-energy limit, 
eleven-dimensional supergravity! According to Fields Medalist Edward Witten "M stands 
for magical, mystery or membrane, according to taste". New evidence in favor of this the- 
ory is appearing daily on the internet and represents the most exciting development in the 
subject since 1984 when the superstring revolution first burst on the scene. 



> M theory (1.1) 



Eg x Eg heterotic string 
SO (32) heterotic string 
SO (32) Type I string 
Type II A string 
Type IIB string 

Thus this new framework now provides the starting point for understanding a wealth of 
new non-perturbative phenomena, including string/string duality, Seiberg- Witten theory, 
quark confinement, QCD, particle physics phenomenology, quantum black holes, cosmology 
and, ultimately, their complete synthesis in a final theory of physics. 

1.2 The Kaluza-Klein idea 

Cast your minds back to 1919. Maxwell's theory of electromagnetism was well established 
and Einstein had recently formulated his General Theory of Relativity. By contrast, the 
strong and weak interactions were not well understood. In searching for a unified theory 
of the fundamental forces, therefore, it was natural to attempt to merge gravity with elec- 
tromagnetism. This Kaluza was able to do through the remarkable device of postulating 
an extra fifth dimension for spacetime. Consider Einstein's theory of pure gravity in five 
spacetime dimensions with signature (— , +, +, +, +). The line element is given by 

ds h 2 = g M Ndx M dx N (1.2) 

where M = 0,1, 2, 3, 4. Kaluza then made the 4 + 1 split 

9MN - & [ e~^A v e-^ J (L3) 

where x M = (x M ,y), u = 0,1,2,3,. Thus the fields g fiu {x), A^{x) and 4>{x) transform 
respectively as a tensor, a vector and a scalar under four-dimensional general coordinate 
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transformations. All this was at the classical level, of course, but in the modern parlance 
of quantum field theory, they would be described as the spin 2 graviton, the spin 1 photon 
and the spin dilatoni. Of course it is not enough to call by the name photon, one must 
demonstrate that it satisfies Maxwell's equations and here we see the Kaluza miracle at work. 
After making the same 4 + 1 split of the five-dimensional Einstein equations Rmn = 0, we 
correctly recover not only the Einstein equations for g^ v {x) but also the Maxwell equation 
for A^{x) and the massless Klein-Gordon equation for 4>(x). Thus Maxwell's theory of 
electromagnetism is an inevitable consequence of Einstein's general theory of relativity, 
given that one is willing to buy the idea of a fifth dimension. 

Attractive though Kaluza's idea was, it suffered from two obvious drawbacks. First, 
although the indices were allowed to range over 0,1,2,3,4, for no very good reason the 
dependence on the extra coordinate y was suppressed. Secondly, if there is a fifth dimension 
why haven't we seen it? The resolution of both these problems was supplied by Oskar Klein 
in 1926. Klein insisted on treating the extra dimension seriously but assumed the fifth 
dimension to have circular topology so that the coordinate y is periodic, < my < 2tt, 
where m has dimensions of mass. Thus the space has topology R 4 x S . It is difficult to 
envisage a spacetime with this topology but a simpler analogy is provided by a garden hose: 
at large distances it looks like a line R 1 but closer inspection reveals that at every point on 
the line there is a little circle, and the topology is R 1 x S . So it was that Klein suggested 
that there is a little circle at each point in four-dimensional spacetime. 

Let us consider Klein's proposal from a modern perspective. We start with pure gravity 
in five dimensions described by the action 

I5 is invariant under the five-dimensional general coordinate transformations 

SgMN = d M £, P 9PN + d N i P g M p + (, P dpg M N (1.5) 

The periodicity in y means that the fields guN(x, y), Am(x, y) and (p(x, y) may be expanded 
in the form 

n=oo 

g^u(x,y)= 9^(n)(x)e inmv , 

n=— oo 
n=oo 

A fl (x,y) = J2 \(n)(x)e mmy , 

n=—oo 

3 The dilaton was considered an embarrassment in 1919, and was (inconsistently) set equal to zero. 
However, it was later revived and subsequently stimulated Brans-Dicke theories of gravity. The dilaton also 
plays a crucial role in M-theory 
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4>{x,y) = <t> { n)e inmy (1.6) 

n=— oo 

with 

SV(n)(z) = 9»v(-n)(x) (1-7) 

etc. So (as one now finds in all the textbooks) a Kaluza-Klein theory describes an infinite 
number of four-dimensional fields. However (as one finds in none of the textbooks) it also 
describes an infinite number of four-dimensional symmetries since we may also Fourier 
expand the general coordinate parameter £^(x,y) as follows 

n=oo 

n=— oo 
n=oo 

t{x,y)= £ rW*K nm2/ (1.8) 

n=— oo 

With £ (n) - ? -(n)- 

Let us first focus on the n = modes in ( |1.6[) , which are just Kaluza's graviton, photon 
and dilaton. Substituting ( |1.3| ) and ( |1.6|) in the action (|1.4|), integrating over y and retaining 
just the n = terms we obtain (dropping the subscripts) 



■ J d 4 x^g-[R - \d^4> ~ ~e-^i^FH (1.9) 
where Fp U = dpA u — d u Ap and 2ttk4 2 = mn^. Newton's constant is given by K4 2 = 8itG. 
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This form of the action explains our choice of parameterization in (F3): we obtain the 
usual Einstein-Hilbert term for gravity, the conventional Maxwell kinetic term for electro- 
magnetism and the conventional Klein-Gordon term for the dilaton. Note, however, that 
we have normalized 4> and An so that l/2«4 2 is common to both gravity and matter terms. 
From ( |1.5|) , this action is invariant under general coordinate transformations with parameter 
£ M 0) i-e, (again dropping the subscripts) 

5Ap = d^ p A p + C p 0pAp 

50 = ed P 4>, (1.10) 
local gauge transformations with parameter £ 4 o 

5Ap = dp^ (1.11) 
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and global scale transformations with parameter A 

SAp = XAp, 50 = 2A/ v / 3 (1.12) 
The symmetry of the vacuum, determined by the VEVs 

(<V)=V> W = °> (4>) = <Po (1.13) 

is the four-dimensional Poincare group xR. Thus, the masslessness of the graviton is due 
to general covariance, the masslessness of the photon to gauge invariance, but the dilaton is 
massless because it is the Goldstone boson associated with the spontaneous breakdown of 
the global scale invariance. Note that the gauge group is R rather than 17(1) because this 
truncated n = theory has lost all memory of the periodicity in y. 

Now, however, let us include the ii / modes. An important observation is that the 
assumed topology of the ground state, namely R 4 x S 1 , restricts us to general coordinate 
transformations periodic in y. Whereas the general covariance ( |1.10| ) and local gauge in- 
variance ( |1.11| ) simply correspond to the n = modes of (1.5) respectively, the global scale 



invariance is no longer a symmetry because it corresponds to a rescaling 

SgMN = ~^9mn (1-14) 

combined with a general coordinate transformation 

£ 4 = -Xy/m (1.15) 

which is now forbidden by the periodicity requirement. The field <j> is therefore merely a 
pseudo-Goldstone boson. 

Just as ordinary general covariance may be regarded as the local gauge symmetry corre- 
sponding to the global Poincare algebra and local gauge invariance as the gauge symmetry 
corresponding to the global abelian algebra, so the infinite parameter local transformations 
fll.SQ correspond to an infinite-parameter global algebra with generators 

M^n = e inmy (x^d u - x u d») 

Q n = ie inmy d/d{my) (1.16) 

It is in fact a Kac- Moody- Virasoro generalization of the Poincare/gauge algebra. Although 
this larger algebra describes a symmetry of the four-dimensional theory, the symmetry of 
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the vacuum determined by ( |1.13 ) is only Poincare xC/(l). Thus the gauge parameters 
and £ 4 n with ji / each correspond to spontaneously broken generators, and it follows that 
for n ^ the fields A^ n and 4> ri are the corresponding Goldstone boson fields. The gauge 
fields gavm with two degrees of freedom, will then each acquire a mass by absorbing the 
two degrees of freedom of each vector Goldstone boson A^ n and the one degree of freedom 
of each scalar Goldstone boson <p n to yield a pure spin 2 massive particle with five degrees 
of freedom. This accords with the observation that the massive spectrum is pure spin two. 
Thus we find an infinite tower of charged, massive spin 2 particles with charges e n and 
masses m n given by 

e n = n\/2K4m, m n = \n\/R 

where R is the radius of the S 1 given by R 2 m 2 = {g yy )- Thus Klein explained (for the first 
time) the quantization of electric charge. (Note also that charge conjugation is just parity 
tranformation y — > —y in the fifth dimension.) Of course, if we identify the fundamental 
unit of charge e = \[2K^m with the charge on the electron, then we are forced to take m to 
be very large: the Planck mass 10 19 GeV , way beyond the range of any current or forseeable 
accelerator. This answers the second question left unanswered by Kaluza because with m 
very large, the radius of the circle must be very small: the Planck size 10~ 35 meters, which 
satisfactorily accords with our everyday experience of living in four spacetime dimensions E 
It is interesting to note that, despite the inconsistency problems that arise in coupling 
a finite number of massive spin two particles to gravity and/or electromagnetism, Kaluza- 
Klein theory is consistent by virtue of having an infinite tower of such states. Any attempt 
to truncate to a finite non-zero number of massive modes would reintroduce the inconsis- 
tency. We also note, however, that these massive Kaluza-Klein modes have the unusual 
gyromagnetic ratio g = 1. Moreover, when we embed the theory in a superstring theory or 
M-theory, these Kaluza-Klein states will persist as a subset of the full string or M-theory 
spectrum. It is sometimes claimed that g ^ 2 leads to unacceptable high-energy behaviour 
for Compton scattering. However, although the classical value g = 2 is required in QED, 



4 A variation on the Kaluza-Klein theme is that our universe is a 3-brane embedded in a higher dimensional 



spacetime[208, 209, 210 1 . This is particularly compelling in the context of the Type IIB threebrane [211] 
since the worldvolume fields necessarily include gauge fields . Thus the strong, weak and electromagnetic 
forces might be confined to the worldvolume of the brane while gravity propagates in the bulk. It has recently 



been suggested that, in such schemes, the extra dimensions might be much larger than 10 -35 meters 1 212, 213 
and may even be a large as a millimeter [214, 215, 21(\ , 237]. In yet another variation, the brane occupies 
the boundary of AdSs and the extra fifth dimension is infinite |23q]. Once again, the near horizon geometry 



of the D3-brane provides an example of this, as discussed in section 3.2 
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the Standard Model, and indeed open string theory, this is not a universal rule. Tree level 
unitarity applies only in the energy regime Mpi anc k > E > m/Q for a particle of mass m 
and charge Q, and this range is empty for Kaluza-Klein theory. 

In summary, it seems that a five-dimensional world with one of its dimensions compact- 
ified on a circle is operationally indistinguishable from a four-dimensional world with a very 
particular (albeit infinite) mass spectrum. 

1.3 The field content 

Eleven is the maximum spacetime dimension in which one can formulate a consistent su- 
persymmetric theory, as was first recognized by Nahm |37j in his classification of supersym- 
metry algebras. The easiest way to see this is to start in four dimensions and note that 
one supersymmetry relates states differing by one half unit of helicity. If we now make 
the reasonable assumption that there be no massless particles with spins greater than two, 
then we can allow up to a maximum of iV = 8 supersymmetries taking us from helicity —2 
through to helicity +2. Since the minimal supersymmetry generator is a Majorana spinor 
with four off-shell components, this means a total of 32 spinor components. A discussion of 
spinors and Dirac matrices in D spacetime dimensions may be found in the reprint volume 



of Salam and Sezgin [202]. Now in a spacetime with D dimensions and signature (1, D — 1), 
the maximum value of D admitting a 32 component spinor is D = 11. (Going to D = 12, for 
example, would require 64 components.) See Table ^1. Furthermore, as we shall see later, 
D = 11 emerges naturally as the maximum dimension admitting supersymmetric extended 
objects, without the need for any assumptions about higher spin. Not long after Nahm's 



paper, Cremmer, Julia and Scherk [20C] realized that supergravity not only permits up to 
seven extra dimensions but in fact takes its simplest and most elegant form when written in 
its full eleven-dimensional glory. The unique D = 11, N = 1 supermultiplet is comprised of 
a graviton gMN, a gravitino tpM and 3-form gauge field Amnp with 44, 128 and 84 physical 
degrees of freedom, respectively. For a counting of on-shell degrees of freedom in higher 
dimensions, see Table [l]. The theory may also be formulated in superspace. Ironically, how- 
ever, these extra dimensions were not at first taken seriously but rather regarded merely as 
a useful device for deriving supergravities in four dimensions. Indeed D = 4, N = 8 super- 
gravity was first obtained by Cremmer and Julia via the process of dimensional reduction 
i.e. by requiring that all the fields of D = 11, iV = 1 supergravity be independent of the 



5 Conventions differ on how to count the supersymmetries and in later sections we follow the more usual 
convention [E0(1l that N max — 8 in D = 5 and in N ma x = 4 D = 7 
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D-bein e M A D(D-3)/2 
gravitino ^ M 2 ( - a - 1 \D - 3) 

/ D-2 

p - form A Mi m 2 ...m p 

\ P 

spinor \ 2 (a ~ 1 ) 

Table 1: On-shell degrees of freedom in D dimensions, a = D/2 if D is even, a = (D—l)/2 if 
D is odd. We assume Majorana fermions and divide by two if the fermion is Majorana-Weyl. 
Similarly, we assume real bosons and divide by two if the tensor field strength is self-dual. 

extra seven coordinates. 

For many years the Kaluza-Klein idea of taking extra dimensions seriously was largely 
forgotten but the arrival of eleven-dimensional supergravity provided the missing impetus. 
The kind of four-dimensional world we end up with depends on how we compactify these 
extra dimensions: maybe seven of them would allow us to give a gravitational origin, a 
la Kaluza-Klein, to the strong and weak forces as well as the electromagnetic. In a very 



influential paper, Witten [217] drew attention to the fact that in such a scheme the four- 
dimensional gauge group is determined by the isometry group of the compact manifold 
fC. Moreover, he proved (what to this day seems to be merely a gigantic coincidence) 
that seven is not only the maximum dimension of K, permitted by supersymmetry but the 
minimum needed for the isometry group to coincide with the standard model gauge group 
SU(3) x SU{2) x [7(1). 

In the early 80's there was great interest in four-dimensional iV-extended supergravities 
for which the global SO(N) is promoted to a gauge symmetry (8[. In these theories the 
underlying supersymmetry algebra is no longer Poincare but rather anti-de Sitter (AdS^) 
and the Lagrangian has a non-vanishing cosmological constant A proportional to the square 
of the gauge coupling constant g: 

GA ~ -g 2 (1.18) 

where G is Newton's constant. The N > 4 gauged supergravities were particularly interest- 
ing since the cosmological constant A does not get renormalized II and hence the SO(N) 
gauge symmetry has vanishing /3-functioni. The relation (1.18) suggested that there might 



6 For N < 4, the beta function (which receives a contribution from the spin 3/2 gravitinos) is positive 
and the pure supergravity theories are not asymptotically free. The addition of matter supermultiplets only 
makes the f3 function more positive pel] and hence gravitinos can never be confined. I am grateful to Karim 
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Dimension Minimal Spinor Supersymmetry 

(D or d) (M or m) (N or n) 

11 32 1 

10 16 2, 1 

9 16 2, 1 

8 16 2, 1 

7 16 2, 1 

6 8 4, 3, 2, 1 

5 8 4, 3, 2, 1 

4 4 8, 1 

3 2 16, 1 

2 1 32,..., 1 

Table 2: Minimal spinor components and supersymmetries. 

be a Kaluza-Klein interpretation since in such theories the coupling constant of the gauge 
group arising from the isometries of the extra dimensions is given by 

g 2 ~ Gm 2 (1.19) 

where m _1 is the size of the compact space. Moreover, there is typically a negative cosmo- 
logical constant 

A m 2 (1.20) 



Combining ( 1.19] ) and ( p.. 20 ), we recover ( 1.18j ). Indeed, the maximal (D = A,N 



gauged supergravity |TT| was seen to correspond to the massless sector of (D = 11, N = 1) 
supergravity (T^j compactified on an S 7 whose metric admits an SO (8) isometry and 8 
Killing spinors An important ingredient in these developments that had been insuffi- 
ciently emphasized in earlier work on Kaluza-Klein theory was that the AdS^ x S 7 geometry 
was not fed in by hand but resulted from a spontaneous compactification, i.e. the vacuum 
state was obtained by finding a stable solution of the higher-dimensional field equations 



[14]. The mechanism of spontaneous compactification appropriate to the AdS^ x S 7 solu- 



tion of eleven-dimensional supergravity was provided by the Freund-Rubin mechanism [15] 
in which the 4-form field strength in spacetime Ffu/po- (fi = 0, 1, 2, 3) is proportional to the 



alternating symbol e^pa [16]: 



Fpvpa ~ ^pvpa ( 1 «2 1 ) 



Benakli, Rene Martinez Acosta and Parid Hoxha for discussions on this point. 
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Compactification Supergroup Bosonic subgroup 

AdS A x S 7 05p(4|8) 50(3,2) x SO (8) 

AdS 5 x S 5 SU(2,2\4) SO(4,2) x 50(6) 

AdS 7 xS 4 OSp(6,2\4) 50(6,2) x SO (5) 

Table 3: Compactifications and their symmetries. 



Supergroup 

OSp(4\8) 
SU(2,2\4) 
OSp(6,2\4) 



Supermultiplet 

(n = 8, d = 3) singleton 
(n = 4, d = 4) doubleton 



Field content 

8 scalars,8 spinors 
1 vector, 8 spinors, 6 scalars 



((n+,n_) = (2,0), d = 6) tripleton 1 chiral 2-form,8 spinors, 5 scalars 



Table 4: Superconformal groups and their singleton, doubleton and tripleton repesentations. 

A summary of this S 7 and other X 7 compactifications of D = 11 supergravity down to 
AdS^ may be found in [2C]. By applying a similar mechanism to the 7- form dual of this 
field strength one could also find compactifications on AdSj x S 4 [[l?]] whose massless sector 
describes gauged maximal N = 4, SO (5) supergravity in D = 7 [18, fOJ. Type IIB su- 
pergravity in D = 10, with its self-dual 5-form field strength, also admits a Freund-Rubin 
compactification on AdS§ x 5 5 23, 25 1 whose massless sector describes gauged maximal 
N = 8 supergravity in D = 5 26, 27]. 

In the three cases given above, the symmetry of the vacuum is described by the su- 
pergroups OSp(4\8), S77(2,2|4) and OSp(6,2\4) for the S 7 , S 5 and S 4 compactifications 
respectively, as shown in Table ||. Each of these groups is known to admit the so-called 
singleton, doubleton or tripleton§ supermultiplets p^] as shown in Table |j. We recall that 



singletons are those strange representations of AdS first identified by Dirac [29] which admit 
no analogue in flat spacetime. They have been much studied by Fronsdal and collaborators 



[30J, |31|. 



This Kaluza-Klein approach to D = 11 supergravity [204] eventually fell out of favor 



for three reasons. First, as emphasized by Witten [203], it is impossible to derive by 
the conventional Kaluza-Klein technique of compactifying on a manifold a chiral theory 



7 Our nomenclature is based on the AdS^, AdS$ and AdS? groups having ranks 2,3 and 4, respectively, 
and differs from that of Giinaydin. 
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in four spacetime dimensions starting from a non-chiral theory such as eleven-dimensional 



supergravity. Ironically, Horava and Witten [102] were to solve this problem years later 
by compactifying on something that is not a manifold!. Secondly, in spite of its maximal 
supersymmetry and other intriguing features, eleven dimensional supergravity was, after 
all, still a field theory of gravity with all the attendant problems of non-renormalizability. 



For a recent discussion, see [246]. This problem also had to await the dawn of M-theory, 
since we now regard D = 11 supergravity not as a fundamental theory in its own right 
but the effective low-energy Lagrangian of M-theory. Thirdly, these AdS vacua necessarily 
have non- vanishing cosmological constant unless cancelled by fermion condensates [ |110| ]. 
and this was deemed unacceptable at the time. However, as we shall now describe, AdS is 
currently undergoing a renaissance thanks to the AdS/CFT correspondence. 

1.4 The AdS/CFT correspondence 

A by-product of M-theory has been the revival of anti-de Sitter space brought about by 
Maldacena's conjectured duality between physics in the bulk of AdS and a conformal field 
theory on the boundary [111]. In particular, M-theory on AdS \ x S 7 is dual to a non- 
abelian (n = 8, d = 3) superconformal theory, Type IIB string theory on AdS§ x S 5 is 
dual to a d = 4 SU(N) super Yang-Mills theory theory and M-theory on AdS-j x S is 
dual to a non-abelian ((n + ,n_) = (2, 0),d = 6) conformal theory. In particular, as has 
been spelled out most clearly in the d = 4 SU(N) Yang-Mills case, there is seen to be a 
correspondence between the Kaluza-Klein mass spectrum in the bulk and the conformal 



dimension of operators on the boundary [123, 125 1. This duality thus holds promise not 



only of a deeper understanding of M-theory, but may also throw light on non-perturbative 
aspects of the theories that live on the boundary which can include four-dimensional gauge 
theories. Models of this kind, where a bulk theory with gravity is equivalent to a boundary 



theory without gravity, have also been advocated by 't Hooft |131| ] and by Susskind [132] 



who call them holographic theories. The reader may notice a striking similarity to the earlier 



idea of "The membrane at the end of the universe" [38, 44, 39, |45|, EjJ, whereby the p-brane 



occupies the S 1 x S p boundary of AdS p +2 and is described by a superconformal singleton 



theory and to the "membrane/supergravity bootstrap" 38, 44, which conjectured that 
the dynamics of the supergravity in the bulk of AdS was dictated by the membrane on 
its boundary and vice-versa. For example, one immediately recognises that the dimensions 
and supersymmetries of the three conformal theories in Maldacena's duality are exactly 
the same as the singleton, doubleton and tripleton supermultiplets of Table 0. Further 
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interconnections between the two are currently being explored. See [ 160 , 141] and Section 
5~4. 



1.5 Plan of the lectures 

The first purpose of these lectures will be to explain an area of research that was very 
active about ten years ago, namely anti-de Sitter space, the Membrane at the End of the 
Universe, singletons, superconformal theories, the Membrane /Super 'gravity Bootstrap and all 
that. These topics have recently undergone a revival of interest thanks to the the AdS/CFT 
conjecture of Maldacena |111| which suggests a duality between physics in the bulk of AdS 
and a superconformal theory on its boundary. We may thus regard this earlier work as a 
"prequel" (AdS/CFT Episode 1?). The second purpose is to discuss some very recent work 
on black holes in AdS which are interesting in their own right as well as finding application 
in the AdS/CFT correspondence. Both these topics will first require a thorough grounding 
in Kaluza-Klein theory, D = 11 supergravity, D = 10 Type IIB supergravity and M2, D3 
and M5 branes. 

In Section we discuss the bosonic sector of D = 11 supergravity and those brane solu- 
tions (so called BPS branes) that preserve half of the supersymmetry: the supermembrane 
(M2-brane) and the superfivebrane (M5-brane). These solutions, together with the plane 
wave [^] and Kaluza-Klein monopole [|222| , which also preserve half the supersymmetry, 
are the progenitors of the lower dimensional BPS objects of M-theory. 

In Section ||[ we discuss the bosonic sector of Type IIB supergravity and the self-dual 
super threebrane (-D3-brane) solution which also preserves one half of the supersymmetry. 

These M2, D3 and M5 BPS branes may be regarded as the extremal mass=charge limit 
of more general two-parameter black brane solutions that exhibit event horizons. In the 
near-horizon limit, they tend respectively to the AdS^ x S 7 , the AdS§ x S 5 and the AdS-j x S A 
vacua of the maximally supersymmetric D = 4, D = 5 and D = 7 gauged supergravities 
that correspond to the massless sector of the compactification of D = 11 supergravity on 
S 7 , Type IIB supergravity on S 5 and D = 11 supergravity on S 4 , respectively. These are 
also treated in Sections ||| and ||, as is the issue of consistent Kaluza-Klein truncation to the 
massless sector. 

The zero modes of these three brane solutions are described by Green-Schwarz type 
covariant brane actions whose bosonic sectors are treated in Section |||. These will be crucial 
for Section [|, whose purpose will be to explain anti-de Sitter space, the membrane at the 
end of the universe, singletons, superconformal theories and the membrane/supergravity 
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bootstrap. In particular, by focussing on the bosonic radial mode, we show in detail how 
the superconformal singleton action on S* 1 x S 2 (including the scalar "mass term" ) follows 
from the action for a spherical M2 brane on the boundary of AdS± x S 7 in the limit of large 
radius: the membrane at the end of the universe. (We also indicate, following |141| how 
this generalizes to generic branes with spherical topology but arbitrary geometry.) Then we 
compare and contrast these old results with the comparatively recent Maldacena conjecture. 
Since the AdS/CFT correspondence will be the subject matter of several other lecturers 
at this school, we shall not dwell on the implications of our results for this correspondence 
but simply present them as interesting in their own right. 

As we have seen, these AdS spaces emerge as the vacua of the maximally super symmetric 
D = 4, D = 5 and D = 7 gauged super gravities that correspond to the massless sector of 
the compactification of D = 11 supergravity on S 7 , Type IIB supergravity on S" 5 and 
D = 11 supergravity on S 4 , respectively. Recently, therefore, black hole solutions of gauged 
supergravity have attracted a good deal of attention and these are the subject of Section [] 

In |150| ], for example, new anti-de Sitter black hole solutions of gauged N = 8, D = 4, 
SO (8) supergravity were presented. By focussing on the U{1) A Cartan subgroup, non- 
extremal 1, 2, 3 and 4 charge solutions were found. In the extremal limit, they may preserve 
up to 1/2, 1/4, 1/8 and 1/8 of the supersymmetry respectively. By contrast, the magnetic 
solutions preserve none. Since N = 8, D = 4 supergravity is a consistent truncation of 
N = 1, D = 11 supergravity, resulting from the S 7 compactification, it follows that these 
black holes will also be solutions of this theory. In |15C| 1, it was conjectured that a subset of 
the extreme electric black holes preserving 1/2 the supersymmetry may be identified with 
the S 7 Kaluza-Klein spectrum, with the non-abelian quantum numbers provided by the 
fermionic zero modes. 

In [^07| the non-linear Kaluza-Klein ansatze describing the embeddings of the U(l) 4: , 
U(l) 3 and U(l) 2 truncations of these supergravities were presented, which admit 4-charge 
AdS4, 3-charge AdS§ and 2-charge AdSj black hole solutions. These enable us to embed the 
black hole solutions back in ten and eleven dimensions and reinterpret them as M2, D3 and 
M5 branes spinning in the transverse dimensions with the black hole charges given by the 
angular momenta of the branes. It is curious that the same 17(1) , U(l) 3 and U(l) 2 black 
hole charges appear in these spherical compactifications as in the toroidal compactifications 
but for totally different reasons. Instead of arising from the intersection of different non- 
rotating branes, they arise from the different angular momenta of a single brane. This is 
indicative of deeper levels of duality yet to be uncovered. 
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At the end of each of these sections there are problems whose solutions may be found 
in Section |7[ 

Much of what we need to do in these lectures involves only the bosonic sectors of the 
super gravities and the branes. For completeness, however, a comprehensive Appendix lists 
the complete field equations, symmetries and transformation rules of D = 11 supergravity, 
Type IIB supergravity and the M2, D3 and M5 branes, with all the fermionic terms 
included. 

Introductory treatments of supersymmetry and supergravity may be found in [jl], ||, |3], |], 
|], p43p , of Kaluza-Klein theories in [|217| , |204| , |205| , |218| , |202| , of supermembranes in ||38|, [7|, 
|47|, gOl], [219], of M-theory in goj § [Hjl, |2| and of the AdS/CFT correspondence 
in j239], p|, pH]. 



1.6 Problems 1 



1. Derive the four-dimensional action ( |1.9[ ) by substituting (1.3) into the five-dimensional 
Einstein action (|1.2|) and assuming all fields are independent of the fifth coordinate y. 



2. Derive the particle content of {D = 4, iV 
1) supergravity. 



supergravity starting from {D = 11, AT 



2 ELEVEN DIMENSIONAL SUPERGRAVITY 

2.1 Bosonic field equations 

We will frequently seek solutions to the field equations of D = 11 supergravity in which all 
fermion fields are set equal to zero. The bosonic field equations following from Appendix ^ 
are 

Rmn - \qmnR = ^ (f M pqrF n pqr - \gMNF PQRS F PQRS ^ , (2.1) 

and 

d M (V^F MUVW ) + ^e UVWMN °^ RST F MNO pF QRST = (2.2) 
or, in the language of differential forms 



d*F + ^F AF = (2.3) 



where * denotes the Hodge dual. 
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2.2 AdS 4 x S 7 

In this section, we examine the spontaneous compactification of D = 11 supergravity. 
We are interested in obtaining a four-dimensional theory which admits maximal spacetime 
symmetry. With signature ( — h++), this means that the vacuum should be invariant under 
50(4,1), Poincare or £0(3,2) according as the cosmological constant is positive, zero or 
negative, corresponding to de Sitter, Minkowski or anti-de Sitter space, respectively. 

The first requirement of maximal symmetry is that the vev of any fermion field should 
vanish and accordingly we set 

(9 M ) = (2.4) 



and focus our attention on vacuum solutions of the bosonic equations ( |2.1| ) and (|2.2| ). We 
look for solutions of the direct product form M4 x M-j compatible with maximal spacetime 
symmetry. We denote the spacetime coordinates by x^, fi = 0,1,2,3 and the internal 
coordinates by y m , m = 1, . . . , 7. The ansatz of Freund and Rubin Jlq] is to set 



with all other components vanishing, where a is a real constant and the factor 3/2 is chosen 
for future convenience. For future reference, it will prove convenient to rewrite this in terms 
of the dual field strength 

1 « 
F 7 = *F 4 + -A 3 A F 4 = 6L 6 e 7 (2.6) 

where 67 is the volume form on the internal manifold, and where L = 2/ a. At the moment, 



L is just an arbitrary constant of integration, but in Section |2.4| we shall relate it to the 
tension of an M2 brane. Substituting into the field equations we find that ( |2.2D is trivially 
satisfied while ( |2.lD yields the product of a four-dimensional Einstein spacetime 

Rfiu = —Sc^g^ = —j^g^u (2.7) 

with signature ( — h ++) and seven-dimensional Einstein space 

p _ 3a 2 6 

with signature (+ + + + + + +). 

For future reference we also record the form taken by the supercovariant derivative Dm 



( 2.36 ) when evaluated in the Freund-Rubin background geometry. First we decompose the 
D = 11 gamma matrices 

rA = (7a®l,7i5®r a ) (2.9) 
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where 

{7a,70} = -2»to8 (2-10) 
{T a ,T b } = -25 ab (2.11) 

and where a, f3 . . . are spacetime idices for the tangent space group £0(1, 3) and a, b, . . . are 
the extra-dimensional indices for the tangent space group SO (7). Substituting the Preund- 
Rubin ansatz into the covariant drivative we find that 

D„ = + ^ W (2.12) 

where 7 M = e^ a -f a and T m = e m a T a . 

Some comments are now in order. The constancy of a in the ansatz (2.5) is necessary 



to solve the field equations, but other ansatze are possible and are discussed in EO]. The 



maximally spacetime symmetric solution of (2/7) is, in fact, AdS^ since the cosmological 
constant 

A = -3a 2 (2.14) 
is negative. AdS^ can be defined as the four-dimensional hyperboloid 



GT 



in R 5 with Cartesian coordinates y a , where 

^ = ^(-1,1,1,1,-1) (2.16) 
In polar coordinates = (t,r,0,<j>) the line element may be written 

ds\ = g^dx^dx" = -(1 + a 2 r 2 )dt 2 + (1 + a 2 r 2 )- l dr 2 + r 2 (d6 2 + sin 2 Odcf 2 ) (2.17) 
It is sometimes useful to employ the change of variable 

ar = sinh p (2-18) 

for which 

1 1 

ds\ = - cosh 2 pdt 2 + -^dp 2 + n sinh 2 p(d9 2 + sin 2 6d(j) 2 ) (2.19) 
a z a A 

Representations of SO(3, 2) are denoted D(Eq,s), where Eq is the lowest energy eigen- 
value (in units of a) and s is the total angular momentum. The representation is unitary 
provided Eq > s + 1/2 for s = 0, 1/2 and Eq > s + 1 for s > 1. The representations are 
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all infinite dimensional. Of course, in addition to being the AdS group in four dimensions, 
SO(3, 2) has the interpretation as the conformal group in three dimensions, where the quan- 
tum number Eq plays the role of the conformal weight. This will prove significant in the 
AdS /C FT correspondence. 

There are infinitely many seven-dimensional Einstein spaces M7 satisfying (|2.8|) and we 
now turn to the question of how much unbroken supersymmetry survives. Recall from ( |2.4[ ) 
that the vev of the gravitino has been set to zero. For a supersymmetric vacuum we require 
that it remain zero under a supersymmetry transformation (A. 16) 



{8V M ) = {Due) = (2.20) 

To solve this in the Freund-Rubin background, we look for solutions of the form 

e(x,y)=e{x)r)(y) (2.21) 

where e(x) is an anticommuting four-component spinor in D = 4 and r](y) is a commuting 
eight-component spinor in D = 7, satisfying 

D„e{x) = (2.22) 

D m rj(y) = (2.23) 

Thus the problem of counting unbroken supersymmetries is equivalent to the problem of 
counting Killing spinors. It is not dificult to establish that AdS^ admits the maximum 
number (i.e. four) as far as spacetime is concerned, and so the number N of unbroken 
generators of AdS supersymmetry is given by the number of Killing spinors on Mj. From 



(|2.13[) these are seen to satisfy the integrability condition |69|] 

[An, D n ] = -\c mn ab T ab rj = (2.24) 

where C mn ab is the Weyl tensor. The subgroup of Spin{7) (the double cover of the tangent 
space group SO (7)) generated by these linear combinations of the Spin(7) generators 
corresponds to the holonomy group Ti of the generalized connection appearing in D m . Thus 
the maximum number of unbroken supersymmetries N max is equal to the number of spinors 
left invariant by H. This in turn is given by the number of singlets appearing in the 
decomposition of the 8 of Spin{7) under 7i. For example, the squashed S 7 of [^, has 
H = G2 and hence N max = 1. 

In the supersymmetric context, all linear irreducible representations of N = 1 AdS 
supersymmetry were classified by Heidenreich |33]. They fall into 4 classes: 
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1. £>(l/2,0) ©.0(1,1/2) 

2. D(Eq, 0) © D(E + 1/2, 1/2) © D{E + 1, 0), E > 1/2 

3. D(s + 1, s) © £>(s + 3/2, s + 1/2), s > 1/2 

4. D(Eq, s) © D(# + 1/2, a + 1/2) © D(E Q + 1/2, s - 1/2) © D(E + l,s). 

Class 1 is the singleton supermultiplet which has no analogue in Poincare supersymme- 
try. Singletons are the subject of Section ||. Class 2 is the Wess-Zumino supermultiplet. 
Class 3 is the gauge supermultiplet with spins s and s + 1/2 with s > 1/2. Class 4 is 
the higher spin supermultiplet. The corresponding study of OSp(4\N) representations was 
neglected in the literature until their importance in Kaluza-Klein supergravity became ap- 
parent. For example, the round S leads to massive N = 8 supermultiplets with maximum 
spin 2. This corresponds to an AdS type of multiplet shortening analogous to the short- 
eneing due to central charges in Poincare supersymmetry [33]. Two features emerge: (1) 



OSp(A\N) multiplets may be decomposed into the OSp(A\l) multiplets discussed above; (2) 
In the limit as a — > and the OSp(&\N) contracts to the iV-extended Poincare algebra, all 
short AdS multiplets become massless Poincare multiplets. 

In this section we shall focus on the maximally symmetric round S 7 , for which C mn ab = 
yielding the maximum N = 8 Killing spinors, and hence on the eleven-dimensional vacuum 
AdS 4 x S 7 . The Kaluza-Klein mechanism will give rise to an effective D = 4 theory with 
N = 8 supersymmetry and local SO (8) invariance, describing a massless N = 8 multiplet 
coupled to an infinite tower of massive N = 8 supermultiplets with masses quantized in 
units of L~ l , the inverse radius of S 7 . Combining the internal SO(8) symmetry and N = 8 
supersymmetry with the SO(2, 3) of the AdS 4 spacetime, it is readily seen that the complete 
symmetry is OSp(4\8). It follows without any further calculation that the massless sector 
on S is given by the familiar massless N = 8 supermultiplet consisting of (1 spin 2, 8 spin 
3/2, 28 spin 1, 56 spin 1/2, 70 spin zero), but a calculation is required to see the D = 11 
origin of these fields, which is different from that of T 7 . See Table || 

2.3 Consistent truncation to the massless modes 

An entirely different question is whether the massive modes can be consistently truncated to 
yield just gauged iV = 8 supergravity. A consistent truncation is defined to be one for which 
all solutions of the truncated theory are solutions of the original theory. It requires that the 
truncated fields must never appear linearly in the action, otherwise setting them to zero 
would result in further constraints on the massless modes over and above the equations 



of motion of the massless theory |164| , 161 , 162 , 165 1. Interestingly enough, for generic 
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Kaluza-Klein theories, truncation to the massless sector is not consistent. To illustrate 
this, consider the field equations of pure gravity with a positive cosmological constant A in 
D = 4 + k dimensions 

Rmn = Ag M N (2.25) 

This theory admits the ground-state solution of (D = 4 de Sitter spacetime) x (compact 
manifold M&). In some earlier Kaluza-Klein literature, it was generally believed that the 
correct ansatz for the metric gMN(x,y) is given by 

(x,y)=g^(x) + A^K™ (y) {x)Aj (x)K n i (y)g mn (y) 

g»n{x,y) = A^(x)K mi (y)g mn (y) 

g mn {x,y) = g mn {y) (2.26) 

where g mn {y) is the metric on The quantities K mi (y) are the Killing vectors corre- 
sponding to the isometries of this metric and i runs over the dimension of the isometry 
group G. The claim that this is the correct ansatz was based on the observation that 
substituting this ansatz into the higher-dimensional Einstein action and integrating over y, 
one obtains the four-dimensional Einstein- Yang- Mills action with metric g^ v {x) and gauge 
potential A^ l (x). 

However, the correct Kaluza-Klein ansatz must be consistent with the higher dimen- 
sional field equations and, as we shall now demonstrate, this is not in general true. For 
example, the four-dimensional Einstein equations read 

iV - \a»u + Ag^u = \(F^ l F v P3 - -FpjF^K^K^ (2.27) 

where F^ v l is the Yang-Mills field strength. The inconsistency is now apparent. The left- 
hand side is independent of y while the right-hand side in general depends on y via the 
Killing vector combination K n l K n K For example, when Mj~ = S k with its SO(k + 1) 
invariant metric. 

KjK^ = 6 ij + Y i i(y) (2.28) 

where Y l3 (y) is that harmonic of the scalar Laplacian with next to lowest non- vanishing 
eigenvalue 2A(k + l)/(fe — 1) belonging to the k(k + 3)/2 dimensional representation of 
SO(k + 1). 

This situation changes radically when we turn to the S 7 compactification D = 1 1 super- 
gravity. The reason for the difference is the presence of the three- index gauge field Amnp 
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in addition to the metric ()mn- The crucial observation is that the standard Kaluza-Klein 
ansatz ( 2.26 ) must be augmented by the additional ansatz 164 ] 



fivpq 



^e^F^Y „/v, 



2a 



[p^q] 



(2.29) 



Substituting ( |2.26[) and d2.29[) into the D = 11 field equations (|lj) and (|2j) now yields 
the D = 4 Einstein equation 

iV - \^ + = ^(V^ Pi - ^ V^ pCTi )(^n^ ni + ^V m K n i V m K" i ) (2.30) 
The miracle of the S 7 compactification is that 



KjK** + ^V m K n l V m K r 



&3 



(2.31) 



and so the right-hand side of ( 2.30| ) becomes the correct energy-momentum tensor of 50(8) 
Yang- Mills! Indeed the round S 7 is the only Mj solution of ( |2.8j ) known to satisfy ( 2.31[ ). 



2.4 The supermembrane solution 

Historically, the equations of motion of D = 11 supergravity were written down in 1978 
|20C| 1 and the D = 11 supermembrane was discovered as a fundamental object in its own 



right in 1987 |41, 42]. In 1990, however, it was realized that the D = 11 supermembrane 
arises as a classical solution of the supergravity field equations which preserves one half of 
the spacetime super symmetry. We shall now describe this solution. 

We begin by making an ansatz for the D = 11 gauge fields gMN = s-m A &n B Vab and 
A-mnp corresponding to the most general three-eight split invariant under P% x SO (8), 
where P% is the D = 3 Poincare group. We split the D = 11 coordinates 



X M = {x^y r 



where fi = 0, 1, 2 and m = 3,4, . . . , 10, and write the line element as 

ds 2 = e 2A i 1 ^dx^dx u + e 2B 8 mn dx m dx n 



and the 3-form gauge field as 



A 



012 



(2.32) 



(2.33) 



(2.34) 



All other components of Amnp and all components of the gravitino *$>m are set equal to 
zero. P3 invariance requires that the arbitrary functions A, B and C depend only on y m ; 
SO (8) invariance then requires that this dependence be only through y = \J 5 mn y m y n . 
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As we shall show, the three arbitrary functions A, B, and C are reduced to one by the 



requirement that the field configuration ( |2.33| ) and ( 2.34 ) preserve some unbroken super- 
symmetry. In other words, there must exist Killing spinors e satisfying 



D M e = 



(2.35) 



where Dm is the bosonic part of the supercovariant derivative appearing in the supersym- 
metry transformation rule of the gravitino ( [A. 18 ) 



Dm = d M + \u M AB T AB - ^(Tm PQRS - 88 M p T^ s )F PQRS 
4 zoo 



(2.36) 



We make the three-eight split 



(7a ®r 9j l ® S a ) 



(2.37) 



where j a and S a are the D = 3 and D = 8 Dirac matrices respectively and where 



T9 — . . . E10 



(2.38) 



so that Tg 2 = 1. We also decompose the spinor field as 



(2.39) 



where £ is a constant spinor of SO(l,2) and n is an 50(8) spinor which may further be 
decomposed into chiral eigenstates via the projection operators (1 + Tg)/2. 
In our background ( 2,33j ) and ( |2.34| ), the supercovariant derivative becomes: 



D„ = d„- 7 M -£ m d m Ar 9 - ltl e- 3A Z m d m e c , 

D m = d m + -e~ B (Y, m Y< n - Z n Z m )d n e B - i-e- 3A (S m S n - E n E m )d n e c T 9 + \e^ A d m e c T 9 
4 24 b 

(2.40) 



Note that the and S m carry world indices. Hence we find that (2.35) admits two non- 
trivial solutions 

(l + r 9 )r ? = (2.41) 



where 



where 770 is a constant spinor and 



■n = e c/ % 



(2.42) 



A = -C 

B = — C + constant 
6 



(2.43) 
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In each case, ( p. 41 ) means that one half of the maximal possible supersymmetry survives. 



With the substitutions ( 2,33 ), ( 2.34 ) and fl2,43|) , the Einstein equation and the 3- form 



equation reduce to the single equation for one unknown: 

5 mn d m d n e- c = (2.44) 

and hence, imposing the boundary condition that the metric be asymptotically Minkowskian, 
we find 



e~ c = 1 + ^ (2.45) 



If 

yd 

where b is a constant, at this stage arbitrary, and y 2 = 5 mn y m y n . Thus the metric is given 
by 

d s 2 = (i + b 6 /y 6 y 2/3 dx^d Xfl + (l + & 6 /y 6 ) 1/; W + y 2 dn 7 2 ) (2.46) 

and the 7-form field strength by 

F 7 = *F 4 + -A 3 A F 4 = 6b 6 e 7 (2.47) 

Here e 7 is the volume form on S and Q 7 is the volume. The mass per unit area of the 
membrane M 3 is given by: 

k u 2 M 3 = 3b 6 n 7 (2.48) 

This elementary solution is a singular solution of the supergravity equations coupled to a 
supermembrane source and carries a Noether "electric" charge 

Q = -y^— [ F 7 = V2 Kll M 3 (2.49) 
v2kh Js 7 

Hence the solution saturates the Bogomol'nyi-Prasad-Sommerfield (BPS) bound 

V2k u M 3 > Q. (2.50) 

This is a consequence of the preservation of half the supersymmetries. Of course, the 
equation ( [2.44 ) displays a delta- function singularity at the origin and hence requires a 



source term. This is provided by adding to the supergravity action ( A.l ) the action of the 



supermembrane itself pll, discussed in Section 4.1. We find, as expected, that the mass 



per unit volume A4 3 is just the membrane tension T 3 

M 3 = T 3 (2.51) 

The zero modes of this solution belong to a (d = 3, n = 8) supermultiplet consisting 
of eight scalars and eight spinors (</ )/ ,x / )) with / = 1,...,8, which correspond to the eight 
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Goldstone bosons and their superpartners associated with breaking of the eight translations 
transverse to the membrane worldvolume. 

A straightforward generalization to exact, stable multimembrane configurations can be 
obtained by replacing the single membrane expression ( |2,45| ) by a linear superposition 

6, 6 



, w yi 



where y; corresponds to the position of each brane, each with charge 6; 6 . The ability to 
superpose solutions of this kind is a well-known phenomenon in soliton and instanton physics 
and goes by the name of the "no-static- force condition". In the present context, it means 
that the gravitational attractive force acting on each of the branes is exactly cancelled by 
an equal but repulsive force due to the 3-form. This condition is closely related to the 
saturation of the BPS bound and to the existence of unbroken supersymmetry. In the case 
that N branes with the same charge are stacked together, we have 

e~ c = 1 + — =- (2.53) 

yb 

or in terms of the Schwarzschild-like coordinate r given by 

r 6 = y 6 + Nb 6 (2.54) 

we have 



e ° = 1 " ^ ( 2 - 55 ) 



Nb 6 



r 



and the solution exhibits an event-horizon at r = iV 1//6 6. Indeed the solution may be 
analytically continued down to r = where there is a curvature singularity, albeit hidden 
by the event horizon []65| ]. Of particular interest is now the near horizon limit y — ► 0, or 



equivalently the large N limit, because then the metric reduces to |64|, 65, pi the AdS± x S 7 



vacuum of Section 2.2 with 

L 6 = Nb 6 (2.56) 

Thus 

ds 2 = ^-dx^dxa + ^rdy 2 + L 2 dfl 7 2 (2.57) 
L 4 y l 

which is just AdS± x S 7 with the AdS metric written in horospherical coordinates. 
2.5 AdS 7 x S 4 

In this section, we are interested in obtaining a seven-dimensional theory which admits 
maximal AdS spacetime symmetry. With signature ( — h + + + + +), this means that the 



26 



vacuum should be invariant under SO (6, 2). We again look for solutions of the direct product 
form M-j x M 4 compatible with maximal spacetime symmetry. We denote the spacetime 
coordinates by (/i = 0, . . . , 6) and the internal coordinates by y m , (m = 1, . . . , 4). The 
ansatz of Freund and Rubin is to set 

F 4 = 3L 2 e 4 (2.58) 

with all other components vanishing, where L is a real constant. Here e 4 is the volume 
form on the internal manifold. As before, L is just an arbitrary constant of integration, 
but in Section ^1] we shall relate it to the tension of an M5-brane. Substituting into the 
field equations we find that ( |2.2| ) is trivially satisfied while fl2.1|) yields the product of a 
seven-dimensional Einstein spacetime 

iV = -^2 9v (2-59) 

with signature ( — h + + + + +) and four-dimensional Einstein space 

3 

Rmn = -J^9mn (2.60) 

with signature (+ + ++). 

The maximally spacetime symmetric solution of ( 2.59f ) is AdS-j. In these lectures, we 



shall focus also on the maximally symmetric round S 4 solution of ( |2.60| ). The Kaluza- 
Klein mechanism will give rise to an effective D = 7 theory with N = 4 supersymmetry 
and local SO(5) invariance, describing a massless N = 4 multiplet coupled to an infinite 
tower of massive N = 4 supermultiplets with masses quantized in units of 2a, the inverse 
radius of S 4 . Combining the internal SO (5) symmetry and N = 4 supersymmetry with the 
50(6, 2) of the AdSj spacetime, it is readily seen that the complete symmetry is OSp(6, 2|4). 
It follows without any further calculation that the massless sector on S 7 is given by the 
massless N = 4 supergravity supermultiplet, and there indeed exists a consistent truncation 
to the massless sector |223| , |224| ] . 

2.6 The superfivebrane solution 

The superfivebrane was discovered as a soliton solution of D = 11 supergravity also preserv- 
ing half the spacetime supersymmetry [62]. Now we make the six/five split x M = (x^,y m ) 



where /i = 0, 1, 2, 3, 4, 5 and m = 6, 10 and proceed in a way similar to the supermem- 
brane solution. In particular, we again look for solutions preserving supersymmetry but 
this time we look for a non- vanishing magnetic charge carried by : 

F A = 36 3 e 4 (2.61) 
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The metric is given by 

ds 2 = (1 + 6 3 /y 3 r 1/3 ^^ + (1 + b 3 /y 3 ) 2 / 3 (dy 2 + y 2 dn 4 2 ) (2.62) 

where the fivebrane mass per unit 5- volume Mq, which we identify with the fivebrane 
tension Tq, is related to the constant 6 3 by 



3 _ 2k u 2 M<; 



(2.63) 
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Here 64 is the volume form on 5 4 and Q4 is the volume. This solitonic solution is a non- 
singular solution of the source-free equations and carries a topological "magnetic" charge 

P = [ F 4 = v^ii-Me (2.64) 
V2ftn Js 4 

Hence the solution saturates the Bogomol'nyi bound 

V^kuMq > P (2.65) 

Once again, this is a consequence of the preservation of half the supersymmetries. The soli- 
ton zero modes are described by the chiral antisymmetric tensor multiplet (B~ X 1 , cj^- 1 ^). 
Note that in addition to the five scalars corresponding to the five translational Goldstone 
bosons, there is also a 2- form B~ ^ whose 3- form field strength is anti-self-dual and which 
describes three degrees of freedom. 

The electric and magnetic charges obey a Dirac quantization rule 

QP = 2im n = integer (2.66) 

Or, in terms of the tensions, 

2kii 2 T 3 T 6 = 2vrn (2.67) 

This naturally suggests a D = 11 membrane/fivebrane duality. Note that this reduces the 
three dimensionful parameters T3, Tq and «n down to two. Moreover, it can be shown |9^] 
that they are not independent. To see this, we note from Appendix |C] that A3 has period 
2tt/T^ so that F& is quantized according to 

f 27rn / \ 

F4 = —— n = integer (2.68) 

J T 3 

Consistency of such A3 periods with the spacetime action, (|A.1|) , gives the relation 
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From (ET67D , this may also be written as 



Thus the tension of the singly charged fivebrane is given by 

T 6 = — T 3 2 



(2.70) 



(2.71) 



In problem 3.4, you are asked to show that a derivation [101] based on M/IIB duality gives 



the same result [220]. 

As for the membrane, multifivebrane solutions may be obtained by superposition. If we 
again consider N singly charged fivebranes stacked one upon the other, we find in the near 
horizon, or large N, limit the AdSy x S 4 geometry with 



namely 



2.7 Problems 2 



L- 



ds A = ^-dx^dxa + -^rdy z + L 2 dn 4 2 
L y 2 



(2.72) 



(2.73) 



1. Derive the bosonic field equations (2.1) and (E^2) by varying the D = 11 supergravity 



action (A.l). 

2. Prove that the D = 11 super fivebrane preserves one half of the supersymmetry. 



3 TYPE IIB SUPERGRAVITY 



3.1 Bosonic field equations 



Next we consider Type IIB supergravity in D = 10 21, g2[ which also describes 128 + 128 
degrees of freedom, and corresponds to the field-theory limit of the Type IIB superstring. 
The spectrum of the supergravity theory consists of a complex scalar B, a complex spinor 
A, a complex 2-form Amn, a complex Weyl gravitino V'a/j a real graviton eu R and a real 
4- form Amnpq whose 5- form field strength Fmnpqr obeys a self-duality condition. Owing 
to this self-duality , there exists no covariant action principle and it is therefore simplest 
to work directly with the field equations. Once again, it is convenient to isolate just the 
bosonic field equations following from Appendix ^ which read 

D M P M = -L Kl0 *G MNP G MNP (3.1) 
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2 

D P Gmnp = P P G* mnp — -^u)FmnpqrG* pqr (3.2) 

Rmp - \qmpR = P M P*p + P*mPp - 9mpP R P*r + ^w 2 Fr 1 ...r 4 mF Ri - Ra p (3.3) 

+ g^io 2 (G m RS G* prs + G* m RS Gprs) — -^^w 2 9mpG rst G* rst (3.4) 

Fmnpqr = *Fmnpqr (3.5) 

where 

Pm = fd M B (3.6) 

Gmnp = /(Fmnp — BF* mnp) (3.7) 

Fmnp = 39[M^AfP] (3-8) 

/ = (l - B*B)- 1/2 (3.9) 
5 

Fmnpqr = 5d [M A NPQR] - - K 10 Im( A [M n P* pqr}) (3-10) 
Our notation is that X* is the complex conjugate of X while *X is the Hodge dual of X. 

3.2 AdS 5 x S 5 

In this section, we are interested in obtaining a five-dimensional theory which admits max- 
imal AdS spacetime symmetry. With signature ( — h + + +), this means that the vacuum 
should be invariant under 50(4, 2). We again look for solutions of the direct product form 
M5 x M5 compatible with maximal spacetime symmetry. We denote the spacetime coordi- 
nates by x^ 1 , (/x = 0, . . . , 4) and the internal coordinates by y m , (m = 1, . . . , 5). The ansatz 
of Freund and Rubin [Il5f is to set 



F 5 = G 5 + *G 5 (3.11) 

and 

G 5 = 4L 4 e 5 (3.12) 

with all other components vanishing, where L is a real constant. Here £5 is the volume 
form on the internal manifold. As before, L is just an arbitrary constant of integration, 



but in Section 3^, we shall relate it to the tension of an D3-brane. Substituting into the 
field equations we find that ( |2.2|) is trivially satisfied while fl2.1|) yields the product of a 
five-dimensional Einstein spacetime 

4 

Rnv = --^V (3.13) 
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with signature ( — h + + +) and five-dimensional Einstein space 

4 

Rmn = ~j~2 9mn (3-14) 

with signature (+ + + + +). 

The maximally spacetime symmetric solution of ( 3. 13| ) is AdS$. In these lectures, we 



shall focus also on the maximally symmetric round S 5 solution of ( |3.14| ). The Kaluza- 
Klein mechanism will give rise to an effective D = 5 theory with N = 8 supersymmetry 
and local SO(6) invariance, describing a massless N = 8 multiplet coupled to an infinite 
tower of massive N = 8 supermultiplets with masses quantized in units of a, the inverse 
radius of S 5 . Combining the internal SO (6) symmetry and N = 8 supersymmetry with the 
SO(2, 4) of the AdSs spacetime, it is readily seen that the complete symmetry is SU(2, 2|4). 
It follows without any further calculation that the massless sector on S 5 is given by the 
massless N = 8 supergravity supermultiplet. To date, however, the proof of a complete 
consistent truncation to the massless sector is still lacking. 

3.3 The self-dual superthreebrane solution 



The resulting field equations admit as a solution the self-dual threebrane 57] which in the 



extremal limit preserves half the supersymmetry [58] just like the extremal 2-brane and 
5-brane of D = 11 supergravity. We need keep only the graviton, dilaton and 4- form and 
make the four/six split x M = (x^, y m ) where \i = 0, 1, 2, 3 and m = 5, . . . , 10. The solution 
is given by 



ds 2 = (i + b 4 //)- 1 / 2 ^^ + (i + & 4 /y 4 ) 17 W + y 2 dn 5 2 ) (3.15) 

_ e 2ct> = constant ( 3-16 ) 

F 5 = G 5 + *G 5 (3.17) 



where 



G 5 = 4b% (3.18) 

Here we have employed the string frame metric gMN (string) = e^^gMN (Einstein). The 
threebrane mass per unit volume M.4 is then related to the tension T4 by [JjJ 

Mi = e -* o r 4 (3.19) 

and related to the constant by 



31 



It is perhaps worth saying a few more words about the self-duality of the superthreebrane. 
By virtue of the self-duality condition (jO|), the electric Noether charge 

Q= vki' F > <3 - 21) 

coincides with the topological magnetic charge 

1 



V2«io Js 5 



F 5 (3.22) 



so 



Q = P (3.23) 

and hence 

2k\ q M 2 = Turn (3.24) 

(Note that such a condition is possible only in theories allowing a real self-duality condition 
i.e. in D = 2 modulo 4 dimensions, assuming Minkowski signature. The D = 6 self-dual 
string of [JF^] is another example.) 

We can also count bosonic and fermionic zero modes. We know that one half of the 
supersymmetries are broken, hence we have 16 fermionic zero modes. Regrouping these 16 
fermionic zero modes, we get four Major ana spinors in d = 4. Hence the d = 4 world vol- 
ume supersymmetry is N = 4. Worldvolume supersymmetry implies that the number of 
fermionic and bosonic on-shell degrees of freedom must be equal, so we need a total of eight 
bosonic zero modes. There are the usual six bosonic translation zero modes, but we are 
still short of two. The two extra zero modes come from the excitation of the complex an- 
tisymmetric field strength Gmnp and correspond to a real vector field on the worldvolume 



[58]. Together with the other zero modes, these fields make up the d = 4, N = 4 gauge 
supermultiplet (A^, A 7 , cj^ IJ ^). 

As for the membrane and fivebrane, multithreebrane solutions may be obtained by 
superposition. If we again consider N singly charged threebranes stacked one upon the 
other, we find in the near horizon, or large N, limit the AdSj x S 4 geometry with 

L 4 = Nb 4 (3.25) 

namely 

v 2 L 2 

ds 2 = ^dx^dxn + -^dy 2 + L 2 dfl 5 2 (3.26) 
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3.4 Problems 3 

1. Show, using the duality between M-theory on T 2 and Type IIB theory on S 1 , that 
the M-theory membrane tension T3 and the M-theory fivebrane tension Tq are related 
by 

T 6 = ^T 3 2 (3.27) 

2. Write down the dictionary that relates the fields of M-theory on T 2 to IIB on S 1 . 

4 THE M2-BRANE, D3-BRANE AND M5-BRANE 

4.1 The M2-brane 

The 8 + 8 zero modes of the M2-brane are described by a supersymmetric 2+1 dimensional 
worldvolume action. However, this obscures the underlying D = 11 spacetime supersymme- 
try. It is possible to construct a covariant action with the scalars and spinors being given by 
the 11 bosonic coordinates X M and the 32 fermionic coordinates 6 a of a D = 11 superspace 



[41, 42 1 . Indeed, in the case of the M2 brane this came first. The 8 + 8 physical degrees of 
freedom, and the worldvolume supersymmetry then emerge by going to a physical gauge, 
as discussed in Section |5.2j. We begin with the bosonic sector of the d = 3 worldvolume of 



the D = 11 supermembrane which follows from Appendix |C]: 
S3 = T 3 { d 3 £ 



\V^l ij d i x M d j x N g MN {x) + ^^ + ^ k d l x M d 3 x N d k x p A MNP (x) 

(4.1) 

where T3 is the membrane tension, (i = 0,1,2) are the worldvolume coordinates, 7*- ? 
is the worldvolume metric and x M '(£) are the spacetime coordinates (M = 0,1,..., 10). 
Kappa symmetry, discussed in Appendix [C], demands that the background metric qm n and 
background 3-form potential Amnp obey the classical field equations of D = 11 supergravity 



(|2.1| ) and (f2j). 

Varying (|4.1| ) with respect to x M yields 



9i(V=TY ii d j x N g MN ) - \^ll ij d i x N d J x p d M g NP + ^ k d iX N d jX p d k x^ F MNPQ = 

(4.2) 

while varying with respect to 7^ yields the embedding equation 

jij = diX M djX N g M N (4.3) 

An important issue is the existence of membrane configurations preserving some super- 
symmetry EL Ea]. We usually seek supersymmetric membrane vacuum states for which 
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both the spacetime gravitino ^ m and the fermionic coordinates are zero, so that the 



membrane action reduces to (4.1). In this case, the criterion for surviving supersymmetry 
is that the vacuum expectation values of *$>m and remain zero under some appropriate 
combination of k symmetry and supersymmetry transformations. We shall work to linear 
order in fermions, which is as high as we need go to investigate the supersymmetry of a 
purely bosonic background. From Appendices [A| and 0, these transformations rules are 

5^m = D M e{x) (4.4) 

59 = (l+T)K(Z)+e(x) (4.5) 

where e and k are the supersymmetry and k symmetry parameters, respectively. Here Dm 
is the D = 11 supercovariant derivative ( p. 36 ) and T is given by 



r = j^^d^d^duxPvMNP (4.6) 

As a consequence of the embedding equation ([Of), V satisfies T 2 = 1. Since V is tracefree, 
this implies that (1 ± T)/2 are projection operators with 16 zero eigenvalues. Irrespective 
of the background geometry the k symmetry may therefore be used to set 16 of the 32 
components of 6 to zero. A convenient choice is 

(1 + T)0 = O (4.7) 



Acting with (|4.5| ), we see that around a purely bosonic background, (4/7) is preserved if 
(1 + T)59 = 0, i.e., combined k and e transformations for which 

2(l + I>+(l + r)e = (4.8) 

which implies that 59 = (1 — T)e/2. Thus a bosonic vacuum has residual supersymmetries 
corresponding to solutions of |45| 

D M e = 0, Te(x) = e(x) (4.9) 

We shall make use of this in seeking the membrane at the end of the universe in Section 



5.4 



4.2 The M5-brane 

The bosonic M5 worldvolume equations of motion follow from Appendix We work 
with equations of motion rather than an action because of the appearance of a self-dual 
worldvolume 3-form field strength h a b c . 
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The suitable pullbacks of the spacetime 3-form potential, and the induced metric are 

Ajk = 9iX M djx N d k x p 'Ap NM 

7ij = diX M Em A dj x N Etf B rjAB (4.10) 

(i = 0, . . . , 5) are the worldvolume coordinates, ^ is the worldvolume metric and x M (£) 
are the spacetime coordinates (M = 0, 1, ... , 10). We introduce the worldvolume 2-form 
Aij and corresponding worldvolume 3-form: 

Fijk = 3d[iA jk ] - A ijk . (4.11) 

The field equation for is 

G mn V m F npq = Q- 1 [AY - 2{mY + Ym) + mYm] pq , (4.12) 
and the field equations for the x M are 

Q 
'-a 

Several definitions are in order. To begin with 



s-imnsrj c C Q rni—me ( 1 pA , 1 jpA ■r- \ p C (a -i o\ 



m b = 5 a b - 2k b , k a b = h acd h bcd , Q=(l- ftr k 2 ) , 
Y ab = [4 * F - 2(m * F + *Fm) +m* Fm] ab , 

P A C = 6 A C -£ A m S m C , ^ := zfe^fFcdef , (4-14) 

The fields .F3, -F4 and its Hodge dual F-j are given by 

Ti = dA 2 -A 3 , F 4 = dA 3 , F 7 = dA 6 + ±A 3 AF 4 . (4.15) 

The target space indices on F4 and Fj have been converted to worldvolume indices with 
factors of £ m A defined as 

£ m A {x) = d m x M E M A (4.16) 

The metric 

lmn{x) = £m A £n B r]AB = e m a e n b T] ab (4.17) 

is the standard induced metric with determinant 7, and G mn is another metric defined as 

G mn = (m 2 ) ab e a m e b n . (4.18) 



Let us note that the connection in the covariant derivative V m occurring in ( gig ) is the 
Levi-Civita connection for the induced metric r y m n- 
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A key relation between h abc and T abc follows from the Bianchi identity dTz = — i*4,and 
is given by 

habc = \m a d Tbcd- (4.19) 
We conclude this Section by elucidating the consequences of the central equation (4.19). To 
this end, we first note the useful identities 

habeh cde = S^kj^ 

kac^b = g^abtr k 

k a d h bcd = k [a \ c]d (4.20) 

which are consequences of the linear self-duality of h a b c . Taking the Hodge dual of ( [1.1 9| ) 
one finds *T abc = —^abc + '2Q~ l 'ma d F bcd . Using the identity m? = 2m — Q, we readily find 
the nonlinear self-duality equation 

* -F mnp — Q G m ^J~ n pq (4.21) 

This equation can be expressed solely in terms of T^. To do this, we first insert ( |4.19[) into 



(4.20), which yields the identities 



T abe T^ = 25 [ ;x b] d] + ±K- 2 X [a c X b] d + 2(K 2 - 1)6^6* 
X ac X b c = AK 2 (K 2 - l)r, ab 

X a d Tbcd = X^J 7 ^ (4.22) 



where we have defined 



K = y/1 + ±T abc T ab c 

X ab = \K * T a cd T bcd . (4.23) 



Next we derive the identities 



Q{K+1) = 2 

X ab = \T acd T b cd -±- 2 r) ab T cde T cde = 4K(1 + K)k ab (4.24) 
We can now express ( [4.21 ) entirely in terms of by deriving the identity 

Q G mn — Kfj mn 2^ X-ran (4.25) 



Another way of writing (4.21) is 

Kbc = 1(1 + K)- 2 T+ de T^T% c , (4.26) 
where if is a root of the quartic equation 

(K + lf(K - 1) = ^ +abc ^ +def ^bc ■ (4-27) 
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4.3 The D3-brane 

From Appendix |], the bosonic sector of the D3-brane coupled the background of Type II B 
super gravity is given by the action 

S A = -T 4 J d A i e-ty/- det( 7ij + ^) + T 4 J A 4 + / A 2 A T + - J A A T A T (4.28) 

where J-%j are the components of a modified 2-form field strength 

T = F-B , (4.29) 

where F = dV is the usual field strength 2-form of the Born-Infeld field V and B is the 
pullback to the worldvolume of the NS-NS Type IIB 2-form potential B, and where Aq, A 2 
and A A are the R-R forms. We use the same letter for superspace forms and their pullbacks 
to the worldvolume. 

4.4 Problems 4 

1. Show that the equations for the bosonic sector of the Type II A superstring in D = 10 
follow from those of the supermembrane in D = 11 by assuming an M\q x S 1 topology, 
wrapping the membrane around the S 1 and taking the small radius limit p4|. 



5 ADS/CFT : THE MEMBRANE AT THE END OF THE 
UNIVERSE 

5.1 Singletons live on the boundary 



As emphasized by Fronsdal et al. [30, 31], singletons are best thought of as living not 



in the (d + l)-dimensional bulk of the AdSd+i spacetime but rather on the d-dimensional 
S 1 x S^ 1 boundary where the AdS group SO(d — 1,2) plays the role of the conformal 
group. Remaining for the moment with our 4-dimensional example, consider a scalar field 
$>(t,r,0,(/>) on AdS 4 with metric ( 2.33| ), described by the action 



Si, 



ulk 



d 4 x, 



AdSi 



(5.1) 



Note that this differs from the conventional Klein-Gordon action by a boundary term. Since 
the scalar Laplacian on AdS± has eigenvalues Eq(Eq — 3)a 2 , the critical value of M 2 for a 
singleton with (Eo,s) = (1/2,0) is 

M 2 = -a 2 (5.2) 
4 
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In this case, one can show with some effort |3C| [31] that as r — > oo, 

*(t,r,e, (j>) ^ r-V^it, 9,(j>) (5.3) 
and hence that the radial dependence drops out: 

S bo undary= I #ZV=h[~WV i^V j( j> - \a 2 (f] (5.4) 

Js 1 xs 2 2 8 

Here we are integrating over a 3-manifold with 5 1 x S 2 topology and with metric 



h ij dCd£ j = -dt 2 + ir(d6 2 + sin 2 9d(f> 2 ) (5.5) 



This 3-manifold is sometimes referred to as the boundary of AdS± but note that the metric 
hij is not obtained by taking the r — > oo limit of g nv but rather the r — > oo limit of the 
conformally rescaled metric £l 2 g n u where f2 = 1/ar. The radius of the S 2 is a -1 , not infinity. 
Most particle physicists are familiar with the conformal group in flat Minkowski space. It is 
the group of coordinate transformations which leave invariant the Minkowski lightcone. In 
the case of three-dimensional Minkowski space, M3, it is SO(3, 2). In the present context, 
however, the spacetime is curved with topology 5 1 x S 2 , but still admits 50(3,2) as its 
conformal groupl!, i.e. as the group which leaves invariant the three-dimensional lightcone 
hijd^d^ = 0. The failure to discriminate between these different kinds of conformal invari- 
ance is, we believe, a source of confusion in the singleton literature. In particular, the (j) 2 
"mass" term appearing in the action (5.4) would be incompatible with conformal invariance 



if the action were on M-x but is essential for conformal invariance on 5 1 x S 2 . Moreover, the 



coefficient -a 2 /8 is uniquely fixed |3^] . In Section |5.4| we shall derive the singleton action 
( |5.4| ) including the scalar mass terms, starting from the membrane action ( f4.ip . 

So although singleton actions of the form (|5.1|) and their superpartners appeared in 



the Kaluza-Klein harmonic expansions on AdS^ x 5 7 |34|, EBJ, |36|], they could be gauged 



away everywhere except on the boundary where the above 05p(4|8) corresponds to the 
super conformal group [37|. One finds an (n = 8, d = 3) supermultiplet with 8 scalars <f> A 



and 8 spinors \ A i where the indices A and A range over 1 to 8 and denote the 8 S and 8 C 
representations of 50(8), respectively. The 05p(4|8) action is a generalization of ( |5.4| ) and 
is given by [^9| 

ISixS 2 



Ssingleton = f <P ZV=h[~WV i^V jt^ ~ + " T^AX^] (5.6) 

JS 1 xS 2 2 8 2 



8 One sometimes finds the statement in the physics literature that the only compact spaces admitting 
conformal Killing vectors are those isomorphic to spheres. By a theorem of Yano and Nagano Jrifl, this is 



true for Einstein spaces, but S 1 x S 2 is not Einstein. 
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where 7 = —707172 and where Di is the covariant derivative appropriate to the S 1 x S 2 
background. 

In the case of AdS§ x 5 5 one finds a (n = 4, d = 4) supermultiplet with 1 vector A4, 
(i = 0, 1, 2, 3), a complex spinor A a + , (a = 1, 2, 3, 4), obeying 7sA a + = A a + and 6 real scalars 
4> ab , obeying cj) ab = —(j) ab , <j) ab = e abcd (j) c d/2. The corresponding action for the doubletons of 
517(2, 2|4) is @ 

_1_ _„■, 1 o . 1 

where i^j = 26b.Aji. However, in contrast to the singletons, we know of no derivation of 
this doubleton action on the boundary starting from an action in the bulk analogous to 

§3). 

In the case of AdS-j x 5 4 one finds a ((n+,n_) = (2,0), d = 6) supermultiplet with a 
2-form Bij, (i = 0, 1, . . . 5), whose field strength is self-dual, 8 spinors A^ + , (A = 1, 2, 3, 4), 
obeying 7 7 A j4 + = A" 4 -)- and 5 scalars <p a , (a = 1, 2, ... 5). The OSp(6, 2|4) tripleton covariant 



Sdoubleton = [ [-- A FijF ij - - A a 2 4> ab (t> ab - - A d i 4> ah d i 4> ah + iX +a j i D i X a + ] (5.7) 
JS 1 xS 3 4 4 4 



field equations on 5 1 x S 5 are [40]: 



(V l Vi - ±a 2 )4> a = 



YAA A + = 



^ = ^^ etjklmnH i™ (5-8) 
where = 3duBju. Once again, we know of no derivation of these tripleton field 

equations on the boundary starting from equations in the bulk. 

5.2 The membrane as a singleton: the membrane/super gravity bootstrap 

Being defined over the boundary of AdS^, the OSp(4\8) singleton action ([5l]) is a three 
dimensional theory with signature (—,+,+) describing 8 scalars and 8 spinors. With the 



discovery of the eleven-dimensional supermembrane [41, 42], it was noted that 8 scalars 
and 8 spinors on a three-dimensional world volume with signature (—,+,+) is just what 
is obtained after gauge-fixing the supermembrane action! Moreover, kappa-symmetry of 
this supermembrane action forces the background fields to obey the field equations of 
(N = 1,D = 11) supergravity. It was therefore suggested [38] that on the AdS^ x S 7 



supergravity background, the supermembrane whose worldvolume occupies the 5 1 x S 2 
boundary of the AdS^ could be regarded as the singleton of OSp(4\8) . Noting that these 
singletons also appear in the Kaluza-Klein harmonic expansion of this supergravity back- 
ground, this further suggested a form of bootstrap [pq] in which the supergravity gives rise 
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to the membrane on the boundary which in turn yields the supergravity in the bulk. This 
conjecture received further support with the subsequent discovery of the "membrane at the 

, 44, 39, EM E(l] to be discussed in Section 5.4, and the realisa- 



end of the universe" 



tion [51 1 that the eleven-dimensional supermembrane emerges as a solution of the D = 11 
supergravity field equations. 

The possibility of a similar 3-brane/supergravity bootstrap arising for the SU(2,2\4) 
doubletons on AdS§ x S 5 and a similar 5-brane/supergravity bootstrap arising for the 
OSp(Q, 2|4) tripletons on AdS-j x S A was also considered ||38|| . Ironically, however, it was 
(erroneously as we now know) rejected since the only supermembranes that were known 
at the time |52}| had worldvolume theories described by scalar supermultiplets, whereas 
the doubletons and tripletons required vector and tensor supermultiplets, respectively. See 



Section 5.3 . 

Nevertheless, since everything seemed to fit nicely for the (d = 3,D = 11) slot on 
the brane-scan of supersymmetric extended objects with worldvolume dimension d, there 
followed a good deal of activity relating other super p-branes in other dimensions to sin- 
gletons and superconformal field theories |44, 45, 39, 47, 48, 
it was pointed out g|, g(], 



| 50]. In particular, 



that there was a one-to one-correspondence between the 
12 points on the brane-scan as it was then known [52] and the 12 superconformal groups 
in Nahm's classification |37]] admitting singleton representations, as shown in Table |5[ To 
understand these 12 points on the brane-scan, we recall the matching of physical bose and 
fermi degrees of freedom on the worldvolume. As the p-brane moves through spacetime, its 
trajectory is described by the functions X M (£) where X M are the spacetime coordinates 
(M = 0, 1, . . . , D — 1) and are the worldvolume coordinates (i = 0, 1, . . . , d — 1). It is 
often convenient to make the so-called static gauge choice by making the D = d + (D — d) 
split 

X M (H) = (X»(ti),Y m (0), (5.9) 
where fj, = 0, 1, . . . , d — 1 and m = d, . . . , D — 1, and then setting 

A^(£)=^. (5.10) 

Thus the only physical worldvolume degrees of freedom are given by the {D — d) Y m (£). So 
the number of on-shell bosonic degrees of freedom is 

N B = D-d. (5.11) 

To describe the super p-brane we augment the D bosonic coordinates X M (£) with anticom- 
muting fermionic coordinates # Q (£). Depending on D, this spinor could be Dirac, Weyl, 
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Majorana or Majorana-Weyl. The fermionic kappa symmetry means that half of the spinor 
degrees of freedom are redundant and may be eliminated by a physical gauge choice. The 
net result is that the theory exhibits a d- dimensional worldvolume supersymmetry where 
the number of fermionic generators is exactly half of the generators in the original space- 
time supersymmetry. This partial breaking of supersymmetry is a key idea. Let M be the 
number of real components of the minimal spinor and N the number of supersymmetries in 
D spacetime dimensions and let m and n be the corresponding quantities in d worldvolume 
dimensions. Let us first consider d > 2. Since kappa symmetry always halves the number 
of fermionic degrees of freedom and going on-shell halves it again, the number of on-shell 
fermionic degrees of freedom is 

Np = -mn = ^MN. (5.12) 

Worldvolume supersymmetry demands Nb = Np and hence 

D-d = -mn = -MN. (5.13) 
2 4 v ; 

A list of dimensions, number of real dimensions of the minimal spinor and possible super- 
symmetries is given in Table ^, from which we see that there are only 8 solutions of ( {5.13 ) 
all with N = 1, which exactly match the singletons shown in Table [|. We note in particular 
that -Dmax = 11 since M > 64 for D > 12 and hence ( 5.13| ) cannot be satisfied. Similarly 
d max = 6 since m > 16 for d > 7. The case d = 2 is special because of the ability to treat 
left and right moving modes independently. If we require the sum of both left and right 
moving bosons and fermions to be equal, then we again find the condition (|5.13j ). This 
provides a further 4 solutions all with N = 2, corresponding to Type II superstrings in 
D = 3,4,6 and 10 (or 8 solutions in all if we treat Type II A and Type IIB separately). 
Both the gauge-fixed Type II A and Type IIB superstrings will display (8, 8) supersymme- 



try on the worldsheet. If we require only left (or right) matching, then ( 5.13 ) is replaced 
by 

D — 2 = n = ^MN, (5.14) 

which allows another 4 solutions in D = 3,4,6 and 10, all with N = 1. The gauge-fixed 
theory will display (8, 0) worldsheet supersymmetry. The heterotic string falls into this 
category. 

The number of dimensions transverse to the brane, D — d, equals the number of scalars 
in the singleton supermultiplet. (The two factors appearing in the d = 2 case is simply a 
reflection of the ability of strings to have right and left movers. For brevity, we have written 
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D| 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 




OSp(4|8) 



[OS P (2\8)f 



OS P (6,2\2) 



F(4) 



S£/(2,2|2) 

OS P (4\4) 

[OSp{2\4)\ 2 5*7(2,211) 

OSp(4\2) 
[OSp{2\2)} 2 OSp(4\l) 
[OSp{2\l)f 



Table 5: The brane scan of super conformal groups admitting singletons. 

the Type II assignments in Table [|, but more generally we could have OSp(2\p) x OSp(2\q) 
where p and q are the number of left and right supersymmetries f53|.) Note that the d = 6 
upper limit on the worldvolume dimension is consistent with the requirement of renormal- 



izability [47]. Note, however, that the {d = 3, D = 11), OSp(4\8) slot (written in boldface) 
occupies a privileged position in that the corresponding D = 11 supergravity theory admits 
the AdS^ x S 7 solution with OSp(4\8) symmetry, whereas the other supergravities do not 
admit solutions with the superconformal group as a symmetry. For example, D = 10 su- 
pergravity admits an AdS3 x S 7 solution [54, 65], but it does not have the full [0<Sp(2|8)] 2 
symmetry because the dilaton is non-trivial and acts as a conformal Killing vector on the 
AdS^. This is slightly mysterious, since the bulk theory has less symmetry than the bound- 



ary theory. We shall return to this in Sections pJl and 5.7 



5.3 Doubletons and tripletons revisited 

These early works focussed on scalar supermultiplets because these were the only p-branes 
known in 1988 ||52[| . However, with the discovery in 1990 of Type II p-brane solitons 
[59, [6C], 57, |58, 61], vector and tensor multiplets were also seen to play a role. In particular, 
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D| 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 





SU(2,2|4) 

SU{2,2\2) 



S77(2,2|l) 



6 d- 



Table 6: The brane scan of super confer mal groups admitting doubletons 

the worldvolume fields of the self-dual Type IIB superthreebrane were shown to be described 
by an (n = 4, d = 4) gauge theory |5^| , which on the boundary of AdS§ is just the doubleton 
supermultiplet of the super confer mal group 5*C7(2, 2|4) ! Thus one can after all entertain a 
3-brane-doubleton-supergravity bootstrap similar to the membrane-singleton-supergravity 



bootstrap of Section 5.2, and we may now draw the doubleton brane scan of Table ||. Once 
again, the restriction to d = 4 is consistent with renormalizability. Note, however, that 
the (d = 4, D = 10), SU{2, 2|4) slot (written in boldface) occupies a privileged position 
in that the corresponding D = 10 Type IIB supergravity admits the AdS§ x S" 5 solution 
with 5"C7 (2, 2|4) symmetry, whereas the other supergravities do not admit solutions with 



the superconformal group as a symmetry since, as discussed in Section 5.5, the dilaton is 
again non-trivial. 

Similarly, with the discovery of the M-theory fivebrane |6^] , it was realized [ 34 1 that the 
zero modes are described by an ((n+,ra_) = (2,0), d = 6) multiplet with a chiral 2-form, 8 
spinors and 5 scalars, which on the boundary of AdSj is just the tripleton supermultiplet 
of the superconformal group OSp(6, 2|4)! (These zero modes are the same as those of the 
Type II A fivebrane, found previously in [B9l |60[|). Thus one can after all also entertain 
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D| 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 





OSp(6,2|4) 



OSp(6,2\2) 



Table 7: The brane scan of superconformal groups admitting tripletons 



a 5-brane-tripleton-supergravity bootstrap similar to the membrane-singleton-supergravity 
bootstrap of Section 5.2. Thus we may now draw the tripleton brane scan of Table |. 
Note once again, however, that the (d = 6, D = 11), OSp(6, 2|4) slot (written in boldface) 
occupies a privileged position in that the corresponding D = 11 supergravity admits the 
AdS-j x S 4 solution with OSp(6, 2|4) symmetry, whereas the other supergravities do not 
admit solutions with the superconformal group as a symmetry since, as discussed in Section 
5.5, the dilaton is again non-trivial. 

With the inclusion of branes with vector and tensor supermultiplets on their worldvol- 
ume, another curiosity arises. Whereas the singleton brane scan of Table || exhausts all the 
scalar branes and the tripleton brane scan of Table [7| exhausts all the tensor branes, the 
doubleton brane scan of Table |6| is only a subset of all the vector branes p5| . The Type 
IIB 3-brane is special because gauge theories are conformal only in d = 4. 



5.4 The membrane at the end of the universe 

As further evidence of the membrane/super gravity bootstrap idea, solutions of the D = 11 
supermembrane equations (^^) and ( |4.3| ) were sought for which the spacetime is AdS^ x M 
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and for which the super membrane occupies the S* 1 x S 2 boundary of the AdS&. As we shall 
now recall, the BPS condition was achieved only as r — ► oo, hence the name the Membrane 
at the End of the Universe [f44| 
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We substitute ( 2,19| ) and ( |2,5D into (4.2) and ( |4.3| ) and look for solutions of the form 



o=e, 



so that the membrane is embedded in the A0IS4 as 



ds A 



cosh 2 p{di°f + Ardp 2 + At sinh 2 p((d^) 2 + sin 2 f ^df 



,2 ti-l 



(5.15) 



(5.16) 



In order to show that this configuration does indeed satisfy the requirements of unbroken 
supersymmetry (^1]), we first exhibit a spinor e satisfying E>m£ = everywhere and then 
show how it satisfies re = e as r — > 00. It is not difficult to show that 



7 i 



(5.17) 



where 7 = 7012 • First we look for spinors of the form ( |2,39| ) , then the general solution for 

e(x) is 

e = v^sinh p/2 + 7 cosh p/2)({t, 6, </>) (5.18) 



where C satisfies 



(l + 7)(V i + -a 7j 73)C 



(5.19) 



where Vj is the covariant derivative on the S 1 x S" 2 boundary of AdS^ with metric (5.5). 



One can show [44] that this equation has four solutions, implying the well-known result 
that AdS& has four Killing spinors. 

Since r = 00 corresponds to p = 00, it follows from ( |5.18 ), ( 5.17 ) that e becomes an 
eigenstate of 7 and hence Te = e "at the end of the universe" . Thus we have shown that 
the membrane at the end of the universe is super symmetric whenever M7 admits Killing 



spinors. As we have seen in Section 2.2, the number of such spinors depends on the Weyl 
holonomy of M7 and lies between and 8. It remains to show that the action for such a 
membrane is indeed the OSp(4\N) singleton action ( |5.6|) . To simplify matters we shall now 
demonstrate this for the bosonic radial mode r(£). Substituting the AdS^ x M7 solution 
and the brane ansatz Q5.15 ) into the membrane action ( f4.1| ) we find 



S 



T 3 / d^ 

Js^s 2 



-det(gij + a 2 dipdjp) + sinh p 



(5.20) 
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where from ( [4.3|) and ( 2. 19f) 



/ 



9ij 



cosh 2 p 





\ 

\ sinh 2 p 

4y sinh 2 p sin 2 (9 J 



(5.21) 



Hence 



5 



d 3 6 



2a 2 



cosh p h^dipdjp — cosh p sinh 2 p + sinh 3 p 



Since we are interested in the r — > oo limit, we consider only large p, for which 



5 = 5 



-^e p h ij dipd jP - 2e p 



So, bearing in mind that T3 ~ a 3 and making the change of variable 



e p ~ 



1 



we find 



S 1 xS 2 



d 3 ^ 



-h 



1 

-a 



2 j,2 



(5.22) 



(5.23) 



(5.24) 



(5.25) 



which is just the singleton action ( |5.4D , including the scalar mass terms necessary for con- 
formal invariance on S 1 x S 2 . 

Following [p.41| , this result may be generalized to arbitrary (d— l)-branes occupying the 
conformal boundary M of an arbitrary Einstein {d + l)-dimensional manifold W . We shall 



adapt the notation and the signature used in [141] for our convenience. The boundary M 
has a natural conformal structure but not a natural metric. Let hij be an arbitrary metric 
on the boundary in its conformal class. Here the £ l , i = 0, . . . , d — 1 are an arbitrary set 



of local coordinates on the boundary. There is then a unique way | 19E | to extend the 
to coordinates on W near the boundary, adding an additional coordinate p that tends to 
infinity on the boundary, such that the metric in a neighborhood of the boundary is 



ds 2 



1 



where 



dp 2 + ^e 2p hijdCdi j - PijdCdt? + 0(e~ 2p ) 



2{D - l)R tJ - g l3 R 
2{D- l)(-D-2) ' 



and Rij is the Ricci tensor of M, which implies 



R 



2(d- 1) 



We find 



c _T d 



d d ^ 



^e p h ij dipd jP 



(d-l)(d-2) 



e p R 



(5.26) 
(5.27) 

(5.28) 
(5.29) 



we recognise the curvature term as that required for Weyl invariance of the action |39j . 
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5.5 Near horizon geometry and p-brane aristocracy 

More recently, AdS has emerged as the near-horizon geometry of black p-brane solutions 
|64], |65|, |66|, 0] in D dimensions. The dual brane, with worldvolume dimension d = D — d — 2, 
interpolates between D-dimensional Minkowski space Mb and AdSg +1 x S d+1 (or M^ +1 x S 3 
if d = 2). To see this, we recall that such branes arise generically as solitons of the following 
action ft%: 



1 



I = -^-^ I d D x^ 



R - -mf - ,} „ e- a ^F d+1 2 
2 V Y1 2{d + 1)' 



(5.30) 



where F d+ \ is the field strength of a <i-form potential A d and a is the constant 



a 2 = 4-^1 (5.31) 
d + d 

Written in terms of the (d — l)-brane sigma-model metric e~ a ^ d( ^gMN, the solutions are 

ds 2 = H^dx^dx^ + H 2/d (dy 2 + y 2 dtt d+1 2 ) 
e 24 > = H a 

F d+1 = dL d e d+1 (5.32) 

where 

L d 

H = 1 + — T (5.33) 

y d 

For a stack of N singly charged branes L d = Nb d and the near horizon, or large N, geometry 



corresponds to 

ds 2 ~ %. 2 ~ i dx li dx u + Kdy 2 + L 2 dQ 2 d+1 (5.34) 
L y 

Or, defining the new coordinate 

y = Le c/L (5.35) 

we get 

ds 2 ~ e^^dx^dXf, + d( 2 + L 2 dn d+1 2 
V 2L S 

~ dL d e d+1 (5.36) 

Thus for d ^ 2 the near-horizon geometry is AdS^ +1 x S* d+1 . Note, however, that the 
gradient of the dilaton is generically non-zero and plays the role of a conformal Killing 
vector on AdS^ +l . Consequently, there is no enhancement of symmetry in the near-horizon 
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limit. The unbroken supersymmetry remains one-half and the bosonic symmetry remains 



Pg x SO(d + 2). (If d = 2, then flOg) reduces to 

ds 2 ~ + (iC 2 + £ 2 dft 3 2 

F 3 ~ 2L 2 e 3 (5.37) 

which is x S 3 , with a linear dilaton vacuum. The bosonic symmetry remains Pg x 

SO(4).) 

Of particular interest are the (a = 0) subset of solitons for which the dilaton is zero or 
constant: the non-dilatonic p-branes. Prom ( 5.3 1| ) we see that for branes with one kind of 



charge there are only 3 cases: 

3 
4 



D = 


11 


d 


= 6,d 


D = 


10 


d 


= 4,d 


D = 


11 


d 


= 3, d 



which are precisely the three cases that occupied privileged positions on the singleton, 
doubleton and tripleton brane-scans of Tables [| || and [j]. Then the near-horizon geometry 
coincides with the AdSg +l x S d+1 non-dilatonic maximally symmetric compactifications of 
the corresponding supergravities. The supersymmetry doubles and the bosonic symmetry is 
also enhanced to SO(d, 2) x SO(d + 2). Thus the total symmetry is given by the conformal 
supergroups OSp(4\8), 577(2, 2|4) and OSp(6,2\4), respectively. 

For bound states of branes with M kinds of charge, the constant a gets replaced by 



|7|, [Tj||74| 



2 4 2dd 

a = — = (5.38) 

M d+d V ; 

A non-dilatonic solution (a=0) occurs for M = 2: 

D = 6:d = 2,J=2 

which is just the dyonic string [fTq] , of which the self-dual string [^|] is a special case, whose 
near-horizon geometry is AdS^ x 5 3 . For M = 3 we have 

D = 5:d = 2j=l 



which is the 3-charge black hole [80], whose near-horizon geometry is AdS2 x 5 13 , and 

D = 5:d=lJ=2 
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which is the 3-charge string (§3] whose near- horizon geometry is AdS% x S 2 . For M = 4 we 
have 

D = 4: d=lj=l 



which is the 4-charge black hole [81, 32 1, of which the Reissner-Nordstrom solution is a 
special case [76|, and whose near- horizon geometry is AdS2 xS 2 [77|. 



Thus we see that not all branes are created equal. A p-brane aristocracy obtains whose 
members are those branes whose near-horizon geometries have as their symmetry the con- 
formal supergroups. As an example of a plebian brane we can consider the ten-dimensional 
superstring: 

D = 10 : d = 6, d = 2 



whose near-horizon geometry is AdS-j x S 7 but with a non-trivial dilaton of Section 5.2 
which does not have the conformal group [OS*p(2|8)] 2 as its symmetry, even though this 
group appears in the (D = 10, d = 2) slot on the singleton brane-scan of Table ||. In which 
case, of course, one may ask what role do these singletons play. We shall return to this in 



Section 5.7 



The original membrane at the end of the universe was a spherical brane embedded in 



the AdS^ geometry as given in 5.4. Alternatively, one could take as the membrane at the 



end of the universe to be the flat near-horizon membrane, which is embedded as 

ds 2 = e 4C/L ( _ ( ^ 0) 2 + ( ^1 )2 + ( ^2 )2) + dc 2 (5 39) 

and has M3 topology. It is still possible to associate an OSp(4\8) action but this time it is 
defined over M3 and has no scalar mass terms (7^, [n| . One can continue to call these fields 
"singletons" , of course, if by singleton one simply means anything transforming according 
to the .0(1/2, 0) and D(l, 1/2) representations of SO(3, 2). A comparison of these two 



approaches is discussed in some detail in [78| 



5.6 Supermembranes with fewer supersymmetries. Skew-whiffing. 

So far we have focussed attention on compactifications to AdSg +l on round spheres S d+1 
which have maximal supersymmetry, but the supergravity equations admit infinitely many 
other compactifications on Einstein spaces X d+1 which have fewer supersymmetries pcfl . 
Indeed generic X d+1 have no supersymmetries at alii. We note in this connection the 



9 Thus in the early eighties, the most highly prized solutions were those with many supersymmetries. 
Nowadays, bragging rights seem to go those which have none! 
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skew-whiffing theorem 2C], which states that for every AdSj, 1 compactification preserv- 
ing supersymmetry, there exists one with no supersymmetry simply obtained by reversing 
the orientation of X d+1 (or, equivalently, reversing the sign of F d+ i). The only excep- 
tions are when X d+l are round spheres which preserve the maximum supersymmetry for 
either orientation. A corollary is that other symmetric spaces, which necessarily admit an 
orientation-reversing isometry, can have no supersymmeties. Examples are provided by 
products of round spheres. 

The question naturally arises as to whether these compactifications with fewer super- 
symmetries also arise as near-horizon geometries of p-brane solitons. The answer is yes and 
the soliton solutions are easy to construct [67, 38 1. One simply makes the replacement 

dn d+1 2 dn d+1 2 (5.40) 

in ( |5.32 ), where (ff^+i 2 is the metric on an arbitrary Einstein space X d+1 with the same 
scalar curvature as the round S d+1 . The space need only be Einstein; it need not be 
homogeneous |67j. (There also exist brane solutions on Ricci flat X d+1 [ pT] ] but we shall not 
discuss them here). Note, however, that these non-round-spherical solutions do not tend 
to (D — (i)-dimensional Minkowski space as r — > oo. Instead the metric on the (D — d)- 
dimensional space transverse to the brane is asymptotic to a generalized cone 

ds D-d = dr2 + r2 d^d + i 2 (5.41) 

and (D — (i)-dimensional translational invariance is absent except when X d+1 is a round 
sphere. The number of supersymmetries preserved by these p-branes is determined by the 
number of Killing spinors on X d+1 . 

To illustrate these ideas let us focus on the eleven-dimensional supermembrane. The 
usual supermembrane interpolates between M\\ and AdS&Y. round S 7 , has symmetry P3 x 
SO (8) and preserves 1/2 of the spacetime supersymmetries for either orientation of the 
round S 7 . Replacing the round S by generic Einstein spaces X 7 leads to membranes with 
symmetry P3 x G, where G is the isometry group of X 7 . For example G = SO (5) x 50(3) 



for the squashed S 7 7_0|. For one orientation of X 7 , they preserve N/16 spacetime 
supersymmetries where 1 < N < 8 is the number of Killing spinors on X 7 ; for the opposite 
orientation they preserve no supersymmetries since then X 7 has no Killing spinors. For 
example, N = 1 for the left-squashed S 7 owing to its G2 holonomy 6£, ^0], 70], whereas 
N = for the right-squashed S 7 . However, all these solutions satisfy the same Bogomol'nyi 
bound between the mass and charge as the usual supermembrane ||67| . Of course, skew- 
whiffing is not the only way to obtain vacua with less than maximal supersymmetry. A 
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summary of known X 7 , their supersymmetries and stability properties is given in |2C[. 
Note, however, that skew-whiffed vacua are automatically stable at the classical level since 
skew-whiffing affects only the spin 3/2, 1/2 and 0~ towers in the Kaluza-Klein spectrum, 
whereas the criterion for classical stability involves only the + tower [20|. 

5.7 The Maldacena conjecture 

The year 1998 marks a revolution in anti-de Sitter space brought about by Maldacena's 
conjectured duality between physics in the bulk of AdS and a conformal field theory on 



the boundary [111]. In particular, M-theory on AdS^ x S is dual to a non-abelian ( 



■n 



8, d = 3) superconformal theory, Type IIB string theory on AdS§ x S 5 is dual to a d = 4 
SU(N) super Yang-Mills theory theory and M-theory on AdSj x S 4 is dual to a non-abelian 
((n + ,n_) = (2, 0),g? = 6) conformal theory. In particular, as has been spelled out most 
clearly in the d = 4 SU (N) Yang- Mills case, there is seen to be a correspondence between 
the Kaluza-Klein mass spectrum in the bulk and the conformal dimension of operators on 
the boundary fl23|, pSj 

One immediately recognises that the dimensions and supersymmetries of these three 
conformal theories are exactly the same as the singleton, doubleton and tripleton super- 
multiplets of Section ||. Moreover, both the old and new AdS/CFT correspondences are 
holographic in the sense of |L31| , 132]. Following Maldacena's conjecture jlllj l, therefore, a 



number of papers appeared reviving the old singleton- AdS-membr&ne- superconformal field 
theory connections [jj^, gH, @, OJ, HI HI 01 01 EM H B S Hl> 01' HI 



and applying them to this new duality context. What are the differences? 

The first difference is that the branes were spherical as opposed to flat, since the "bound- 
ary" in question for the singletons and p-branes at the end of the universe was the S 1 x S p 
with finite radius 1/a for the S p . As such, superconformal invariance requires mass terms 
for the scalars, as discussed in Section ^1]. The branes in the Maldacena conjecture, on the 
other hand, are the flat Minkowski space branes embedded in AdS in the way dictated by 
the near-horizon geometry. 

Another curious difference is that, with the exception of the three aristocratic branes, 
all the slots on the three brane-scans of superconformal field theories corresponded to bulk 
supergravities whose brane solutions are dilatonic, and hence have a symmetry smaller than 
the boundary theory. It seems that the branes at the end of the universe do not care about 



the dilaton because the p =constant surfaces in ( 5.16 ) (or the £ = constant surfaces in 



( 5.39[) ) posess the full superconformal symmetry even though the bulk AdS solution does 
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not. In other words, they admit the maximal set of conformal Killing vectors even though 
the bulk admits less than the maximal set of Killing vectors. This contrasts with the 



new AdS/CFT conjecture where a non-conformal supergravity solution in the bulk [65] is 
deemed to be dual to non-conformal field theory on the boundary |118[| . It is not obvious 
at the moment whether this difference is real or apparent and it would be interesting to 
pursue the matter further. 

Thirdly, although the membrane/ supergravity bootstrap idea, that physics in the bulk 
of AdS should be dictated by the membrane on the boundary and vice- versa, might nowa- 
days be called "holographic", it was not motivated by considerations of entropy. Rather, 
in analogy with string theory where there are self-consistency requirements between the 
spacetime and worldsheet dynamics, it was expected that a similar phenomenon should 
hold for membranes and the membrane on the boundary of AdS was simply a special case. 

Fourthly, attention was focussed on free super conformal theories on the boundary as 
opposed to the interacting theories currently under consideration. For example, although the 
worldvolume fields of the Type IIB 3-brane were known to be described by an (n = 4, d = 4) 
gauge theory [58], we now know that this brane admits the interpretation of a Dirichlet brane 



|112j ] and that the superposition of iV such branes yields a non-abelian SU (N) gauge theory 
|113| ]. These observations are crucial to the new duality conjecture For earlier related 

work on coincident threebranes and n = 4 super Yang Mills, see [114, 115, 116, 117|. 



Let us consider the solution for N coincident 3-branes corresponding to N units of 5- 
form flux |3?|, |58|| . As we have already seen in section |J, L = iV 1/4 6 and the near horizon 
limit may equally well be regarded as the large N limit. We find AdS$ x S 5 , but with an 
AdS radius proportional to iV 1 / 4 . The philosophy is that Type IIB supergravity is a good 
approximation for large iV and that Type IIB stringy excitations correspond to operators 
whose dimensions diverge for N — * oo. This makes contact with the whole industry of 
large N QCD. These large N, non-abelian features were absent in the considerations of a 
3-brane/supergravity bootstrap discussed in Section |5.3| , as was the precise correspondence 
between the Kaluza-Klein mass spectrum in the bulk and the conformal dimension of op- 



erators on the boundary [|123| , 125]. Nevertheless, as we hope these lectures show, there 
are sufficently many similarities between the current bulk/boundary duality and the old 
Membrane at the End of the Universe idea to merit further comparisons. 

5.8 Problems 5 



1. Repeat the analysis of Section 5.5 for rotating branes. 
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6 ANTI-DE SITTER BLACK HOLES 



6.1 Introduction 



Anti-de Sitter black hole solutions of gauged extended super gravities [144] are currently 
attracting a good deal of attention |||, |M6|, H B B EOH B B> HI' HI' B due > 
in large part, to the AdS/CFT correspondence. As we have seen, these gauged extended 
super gravities arise as the massless modes of various Kaluza-Klein compactifications of 
both D = 11 and D = 10 supergravities. The three examples studied in these lectures are 



gauged D = 4, N = 8 SO (8) supergravity [157 , |158| arising from D = 11 supergravity on 



5 7 [ 159 , 20 1 whose black hole solutions are discussed in [150]; gauged D = 5, N = 8 50(6) 
supergravity |l^, 27 1 arising from Type IIB supergravity on 5 5 [^3], ^4], |25| whose black hole 



solutions are discussed in ]145] , |149j] ; and gauged D = 7, N = 4 50(5) supergravity Jl8], |l^] 
arising from D = 11 supergravity on 5 4 [17] whose black hole solutions are given in Section 
6.8 and in [152, 63 [.0 In the absence of the black holes, these three AdS compactifications 



are singled out as arising from the near-horizon geometry of the extremal non-rotating 
M2, L>3 and M5 branes M, 



66, |16C| [ . One of our goals will be to embed these known 



lower-dimensional black hole solutions into ten or eleven dimensions, thus allowing a higher 
dimensional interpretation in terms of rotating M2, D3 and M5-branes. 

Since these gauged supergravity theories may be obtained by consistently truncating the 
massive modes of the full Kaluza-Klein theories, it follows that all solutions of the lower- 
dimensional theories will also be solutions of the higher-dimensional ones flM |i"62] . In 
principle, therefore, once we know the Kaluza-Klein ansatz for the massless sector, it ought 
to be straightforward to read off the higher dimensional solutions. It practice, however, this 
is a formidable task. The correct massless ansatz for the 5 compactification took many 
years to finalize [163, 165|, and is still highly implicit, while for the 5 5 compactifications 
the complete massless ansatze are still unknown. The 5 4 case has recently been given in 
its entirety in [222, 224]. For our present purposes, it suffices to consider truncations of 



the gauged supergravities to include only gauge fields in the Cartan subalgebras of the full 
gauge groups, namely U{l) A , U(l) 3 and U(l) 2 for the 5 7 , 5 5 and 5 4 compactifications, 
respectively. These truncated theories will admit respectively the 4-charge AdS^, 3-charge 
AdS$ and 2-charge AdSj black hole solutions. 



10 BPS black holes arising in the SU(2) x SU(2) version of gauged N = 4 supergravity in D — 4, which 
is the massless sector of the S 3 x S s compactification of N = 1 supergravity in D — 10, were discussed in 



[145]. These solutions are not asymptotically AdS. 
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The simplest of the three is perhaps the D = 5, N = 8 maximal gauged supergravity, for 
which there is a consistent N = 2 {i.e. minimal) truncation to supergravity coupled to two 
abelian vector multiplets. This has the bosonic field content of a graviton, three U(l) gauge 
fields and two scalars. In these lectures we obtain the complete non-linear Kaluza-Klein 
ansatz for the compactification of D = 10 Type IIB supergravity on S 5 , truncated to the 
U(l) 3 Cartan subgroup of 50(6). 

In four dimensions there is a consistent truncation of gauged N = 8 maximal supergrav- 
ity to gauged N = 2 supergravity coupled to three vector multiplets. The bosonic sector 
consists of a graviton, four vectors and three complex scalars, whose real and imaginary 
parts correspond to three "axions" and three "dilatons." 0. The inclusion of the axions 
is necessary for providing a consistent truncation; the full bosonic Lagrangian in this case 
is obtained in Appendix This truncation corresponds to the U(l) 4 Cartan subgroup of 
the non-abelian SO(8), for which there exist AdS black hole solutions with four electric 
charges [15C]. While one would ideally wish to obtain a complete Kaluza-Klein ansatz for 
the N = 2 truncation, in practice the complexity arising from the inclusion of the axions 
is considerable. Thus in these lectures we omit the axions in the Kaluza-Klein reduction. 
This is of course sufficient for the embedding of the electric black hole solutions in D = 11 
as they do not involve the axions. 

Finally, in seven dimensions, maximal N = 4 gauged SO (5) supergravity admits a 
consistent truncation to N = 2 supergravity, comprising the metric, a 2-form potential, three 
vectors and a dilaton, coupled to a vector multiplet comprising a vector and three scalars. 
We obtain the Kaluza-Klein ansatz for an S 4 reduction of D = 11 supergravity, including 
two U(l) 2 gauge fields and two dilatonic scalars. This is sufficient for the consideration of 
the embedding of the D = 7 black holes in D = 11. 

Having obtained the explicit Kaluza-Klein reduction ansatze, this allows an investigation 
of the embedding of the various AdS black holes of D = 4, D = 5 and D = 7 in the respective 
higher-dimensional supergravities. An important point here is that one must know the exact 
Kaluza-Klein reduction ansatz for the reduction of the supergravity theory itself, and not 



11 Interestingly enough, the ungauged version of this theory, obtained by switching off the gauge coupling 
and performing some dualisations, appears in the T 2 compactification of D = 6, N = 1 string theory. The 
four vectors are the two Kaluza-Klein and two winding gauge fields, while the three complex scalars S, T 
and U correspond to the axion-dilaton, the Kahler form and complex structure of the torus. This STU 



system plays a crucial role in four-dimensional string/string/ string triality [166]. The black hole solutions 



of this theory [167, 166], and their embedding in ungauged N = 8 supergravity [168, [L6£| arising from the 
T 7 compactification of M-theory as intersections 17C, 171 are also well known. 
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just for a specific solution, in order to show that the metric, gauge fields and scalar fields of 
the lower-dimensional solution are indeed precisely embeddable in the higher-dimensional 
theory. It is worth remarking, in this regard, that it is the scalar fields that present most 
of the subtleties and complexities in the implementation of the reduction procedure. 

Having embedded these black holes in ten or eleven dimensions, an interesting question 



then arises as to their higher-dimensional interpretation. It was noted some time ago [45], 
in the context of a "test" membrane moving in a fixed AdS& x S 7 , that a 4-dimensional 
BPS state (whose AdS energy is equal to its electric charge) admits the eleven-dimensional 
interpretation of an M2-brane [El], EJ|, [5l]] that is rotating in the extra dimensions. Moreover, 
the electric charge is equal to the spin. 

Recently there has been an upsurge of activities on the study of rotating p-branes 

|j~7^ [1731 , HZ1> HZ!' HH' HZZl> S B HH HH> HH' I0U HI- In Particular, in pl| 
AdS Reissner- Nordstrom black holes (i.e. the charged black holes without scalars) of AdS 
supergavity in D = 4 and D = 5 were studied, and shown to be related to the rotating 
solutions of M-/string theory. In [ 152 1 the near-extreme spinning D3-brane with one an- 
gular momentum was shown to reproduce the metric and the gauge fields of the k = + 
limit of D = 5 gauged supergravity black holes [149], with the anticipation that the result 
would generalize to multiple angular momenta. However, the identification of the scalar 



fields was not given. In addition, in |152| , 153 1 , the equivalence of the thermodynamics of 
the near-extreme spinning branes and the corresponding large black holes of D = 4, 5, 7 
gauged supergravity was given. While incomplete, these works provided some initial stages 
in the investigation of the sphere compactifications of M- / string theory. 

Unlike black holes that are asymptotically Minkowskian, for which the horizons are al- 
ways spherical, it is known that AdS black holes can also admit horizons of more general 
topology. Following the embedding procedure described above, we demonstrate that the 
AdS^ black holes with toroidal horizon can indeed be interpreted as the near-horizon struc- 
tures of an M2 brane rotating in the extra dimensions. The four charges corresponding to 
the U(l) 4 Cartan subgroup are just the four angular momenta. Similarly, the 5-dimensional 
charged black hole with toroidal horizon corresponds to a rotating L>3-brane and the 7- 
dimensional charged black hole with toroidal horizon to a rotating M5-brane. In each case, 
the event horizon coincides with the worldvolume of the braneEl Additionally, one may use 
the Kaluza-Klein ansatz to obtain the higher-dimensional interpretation of AdS black holes 
with horizons of other topologies. We conjecture that these correspond to the near-horizon 



This is a concrete realisation of the "Membrane Paradigm" J18 
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limits of rotating p-branes whose world-volumes have these topologies. (In fact the rotating 
"test" membrane in |^5j had S 2 topology.) 

In these lectures we also obtain the general rotating p-brane solutions in arbitrary di- 
mensions, supported by a single (p + 2)-form charge, and discuss their sphere reductions. 
These rotating p-branes are easily constructed, merely by performing standard diagonal 



dimensional oxidations of the general rotating black holes that were constructed in 172| 



6.2 S reduction of Type IIB supergravity 

The S 5 reduction |23|, |24|, ||| of Type IIB supergravity gives rise to N = 8, D = 5 
gauged supergravity, with SO (6) Yang-Mills gauge group (l^, |27j. The complete details 
of this reduction, as with any sphere reduction, would be of great complexity, and in fact 
no example has ever been fully worked out. For our present purposes, however, it suffices 
to consider the truncation of the five-dimensional theory to N = 2 supersymmetry. In 
this truncation, which is of course a consistent one, the gauge group is reduced down to 
the U{1) x U{\) x U(l) Cartan subgroup of SO(6). The bosonic sector of the theory 
comprises these three gauge bosons, the metric, and two scalar fields. (The consistency of 
the truncation to this field content can be seen by considering the S* 1 reduction of ungauged 
minimal non-chiral supergravity in D = 6, whose bosonic fields {g^y, A^ 2 ) , 4>) reduce to give 
precisely the field content we are considering here in D = 5. After gauging, one would 
obtain the U(l) 3 gauged theory.) 

Even to construct the S 5 reduction ansatz for this truncated N = 2 theory is somewhat 
non-trivial, owing to the presence of the scalar fields. It is most conveniently expressed in 



terms of the parameterisation of sphere metrics given in 183 ] 



We find that the ansatz for the reduction of the ten-dimensional metric is 

1 3 



dsj = ^Ads 2 5 + — Y, X r 1 (d^ + ^(d^+gA 1 ) 2 ) , (6.1) 
g 2 V A i=1 

where the two scalars are parameterised in terms of the three quantities Xi, which are 
subject to the constraint X\ X2 X3 = 1. They can be parameterised in terms of two dilatons 

ipi and if2 as 

Xi = e ~2 3i ^ , (6.2) 

where Si satisfy the dot products 

Mij = Si ■ Sj = 45ij - I . (6.3) 
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A convenient choice is 

a 1 = (-^,y/2), S 2 = (^,-V2), a 3 = (-^,0). (6.4) 

The three quantities m are subject to the constraint YU A*i = 1> an d ^ ne metric on the unit 
round 5-sphere can be written in terms of these as 

dn§ = 5>/*? + M?#?) . (6.5) 

i 

The /ij can be parameterised in terms of angles on a 2-sphere, for example as 

\x\ = sin# , fi2 = cos 9 siaij) , ^3 = cos 9 cosip ■ (6-6) 
Note that A is given by 

3 

A = J2Xitf, (6-7) 

and is therefore expressed purely in terms of the scalar fields, and the coordinates on 
the compactifying 5-sphere. The constant g in (|6.lD is the inverse of the radius of the 
compactifying 5-sphere, and is equal to the gauge coupling constant. We find that the 
ansatz for the reduction of the 5-form field strength is -F (5) = G (5 ) + *G (5) , where 

G m = 2gJ2(x?tf-&X l )e {5) -yY, X r 1 *dX t Ad(tf) 

i " i 

+^E I r 2 % 2 )M#i+!/4)) A *4) • ( 6 - 8 ) 

Here, i*? 2) = e (5) is the volume form of the 5-dimensional metric ds§, and * denotes 

the Hodge dual with respect to the five-dimensional metric ds§. 

Substituting these ansatze into the equations for motion for the Type IIB theory, we 
obtain five-dimensional equations of motion that can be derived from the Lagrangianlll 

e- 1 C 5 = R- ^ dipi f - \ (^ 2 ) 2 + V £ X- 1 - \ £ Xr* [F^f + \e^ x ¥%, F% A\ . 

i i 

(6.9) 

(The other bosonic fields of the type IIB theory are set to zero in this U(l) s truncated 
reduction.) Note that the ten-dimensional Bianchi identity d-F (5) = gives rise to the 
equations of motion for the scalars and gauge fields in five dimensions. 

Thus we have established that the reduction ansatze (|6.l| ) and (|6.8| ) describe the ex- 
act embedding of the five-dimensional N = 2 gauged U(l) 3 supergravity into Type IIB 
supergravity. 



We shall make some more detailed comments on certain general features of these spherical Kaluza-Klein 



reductions in Section 3.5, where we consider the S 7 reduction of D = 11 supergravity. 
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The bosonic Lagrangian ( |6.9D can be further truncated down to smaller sectors. For 

— 1/2 

example, we can consistently set <p 2 = 0, implying that X\ = X 2 = X 3 , provided that 
-F ( 2) = F 2 2) = F {2) I The Lagrangian then becomes 



e-'C 5 = ii-i(M) 2 + V(2e> 1 +e-> 1 )-ie> 1 (F (2 2 -ie-> 1 (F ( 3 2) ) 2 

+\e^ x F^F pa A\. (6.10) 

It is also possible to set both scalars to zero, implying that X% = 1, provided that F{ 2) = 
F(2)/V^>- The Lagrangian is then given by 

er l C b = R + Ylg 2 - \F 2 2) + F pa A\ . (6.11) 



The embedding of the truncated Lagrangian (6.11) in D = 10 dimensions was discussed in 
pi. 



6.3 D=5 AdS black holes 



The Lagrangian ( |6.9[) admits a three-charge AdS black hole solution, given by | 14S ] 



and 



ds\ = -{H 1 H 2 H^fdt 2 + {H 1 H 2 H^{f- 1 dr 2 + r 2 dnl k ), 
X, = Hr 1 (Fxffsifa) 173 , A\ x) = Vk(l- Hr 1 ) coth A dt , (6.12) 



f = k -^ +g i r 2 (H 1 H 2 H 3 ), H i = i + £™^L. (6.13) 



Here k can be 1, or —1, corresponding to the foliating surfaces of the transverse space 
being S 3 , T 3 or H 3 , with unit metric dQ, 2 k , where H 3 denotes the hyperbolic 3-space of 



constant negative curvature. In the case of k = 0, one first needs to make the rescaling [152] 
sinh 2 Pi — ► k sinh 2 /3j, followed by sending k to zero. The gauge potential for the k = 
case is then given by 



1 - 

sinh [3i 



^ W = —T^dt. (6.14) 



6.4 Rotating D3-brane 

In this section, we show that the k = three-charge AdS black hole of the N = 2 gauged 



super gravity in D = 5 given in ( 6.12 ) can be embedded in D = 10 as a solution that is 
precisely the decoupling limit of the rotating D3-brane. The higher-dimensional solutions 
corresponding to five-dimensional AdS black holes with k = 1 and k = — 1 can also be easily 



obtained, by substituting the five-dimensional solutions into the S 5 reduction ansatze. 
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There can be three angular momenta, 



1,2,3, in the rotating L>3-brane. The 



generic single-charge rotating p-branes can be obtained by dimensional oxidation of the 



generic single-charge rotating black holes constructed in [172]. See problems of Section 
6.15| . We find that the metric of the rotating D3-brane is given by0 



ds io 



1 

H~2 



~' n ) dt 2 + dx\ + dx\ + dxf) +H2 



r 4 A' 



Adr 2 



+r 2 J2 H i M + lA 

i=l 



Am cosh a 
r 4 H A 



HiH 2 H 3 - 2mr- A 
3 

dt (^/i 2 <%) 



1=1 



r 4 H A 



(6.15) 



i=l 



where the functions A, H, and Hi are given by 



A = 



H 



H = l + 



2m sinh a 
r^A 



Hi 



1 + 



1,2,3 . 



(6.16) 



The rotating D3-brane is supported by the self-dual 5-form field strength of the type 
IIB theory. It is given by F (5) = G (5) + *G (5) , where G (5) = dB {i) and 

r-i 3 



B 



1-H- 
sinh a 



■ ^ — cosh a dt + ^ £j // 2 A d 3 x 
i=i 



(6.17) 



As is well known, the non-rotating D3-brane has a "decoupling limit" where the space- 
time of the D3-brane becomes a product space M5 x 5 5 . If the D3-brane is extremal, 
M5 is a five-dimensional anti-de Sitter spacetime. More generally, when the Z)3-brane is 



non-extremal, M5 is the Carter-Novotny-Horsky metric [184], which can thus be viewed 
as a "non-extremal" generalisation of AdS$. A similar limit also exists for the rotating 
D3-brane, and can be achieved by making the rescalings 



m 



4 

e m 



er 



sinh a — > e 2 sinh a , 

X ^ €, X j ^■'i ^ € - 



(6.18) 



and then sending e — ► 0. (Note that when this limit is taken, we also have cosh a 
e~ 2 sinh a.) This has the effect that the last term in ( |6.15| ) is set to zero and that 

2m sinh 2 a 2m sinh 2 a 



H = l + 



- 4 A 



- 4 A 



(6.19) 



This metric agrees with previously obtained results (ITS , 179 1, after correcting some typographical errors 
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In this limit, the metric (|6.15| ) becomes 



ds io 



{H X H 2 H 3 )- 2 I* f dt 2 + (H^Hs) 1 / 3 ^- 1 dr 2 + r 2 dy ■ dy) 



+- 



i=l 



i\2 



where 



1 



y = gx 



9' 



[x = 2m g 



(6.20) 



(6.21) 



\/2m sinha 

The metric ( 0.20 ) precisely matches the dimensional reduction ansatz (|6.1| ), with the lower 
dimensional fields given by 



dsl 



-(H^Hz)- 2 ^ f dt 2 + (Ht H 2 H-^if- 1 dr 2 + r 2 dy ■ dy) , 



-i 



(i) 



where 



f = -^+g 2 r 2 H 1 H 2 Hz 



g 



gii sinha 



'2m sinh a 



dt , 



[i = 2m g . 



(6.22) 



(6.23) 



To complete the story, we note that the 5-form field strength in the decoupling limit is given 
by F m 



G (5) + *G {5) , where G {5) 



dB {i) and 



B 



(4) 



g A r 4 A dt A d a x + 



1 



sinha 



Q^iiHid^i) Ad 3 x . 



(6.24) 



8=1 



This gives precisely the field strength in the dimensional reduction ansatz (|6,8| ). 

Thus we see that the solution ( |6.22 ) is precisely the k = three-charge AdS black 
hole given in the previous subsection, after reparameterising the angular momenta if = 
//sinh 2 /3j. This shows that the embedding of the three-charge AdS k = black hole 
in gauged N = 2 supergravity in five dimensions gives a ten-dimensional solution that 
is precisely the decoupling limit of the rotating D3-brane. Single-charge AdS black holes 
coming from the reduction of the metric of a rotating D3-brane with one angular momentum 



were obtained in | 152 |, however without the explicit embedding of the scalar fields. The 
connection between the thermodynamics of AdS black holes and rotating p-branes was 



discussed in |152| , |153 |. 

It is also straightforward to oxidise the k = 1 and k = — 1 AdS black holes back to 
D = 10 type IIB. The metric is the same form as ( |6.20| ) with dy ■ dy replaced by the unit 
metric for S 3 or H 3 respectively. The 5-form field strength follows by substituting the 
five-dimensional fields into (|6.8|). 
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6.5 S 7 reduction of D=ll supergravity 

The S 7 reduction of eleven-dimensional supergravity gives rise to 50(8) gauged N = 8 
supergravity in four dimensions. One may again consider a consistent truncation to N = 2, 
for which the bosonic sector comprises the metric, four commuting U(l) gauge potentials, 
three dilatons and three axions. (That this is a consistent truncation can be seen by 
reducing minimal non-chiral six-dimensional supergravity on T 2 , for which the reduction 
of (g^v , A( 2 ) , 4>) will give precisely the field content we are considering. After gauging, this 
would give the U(l) 4 gauged theory. See Appendix ||] for an extended discussion of this.) 
We have not yet determined the complete reduction ansatz for the entire truncated theory 
where the axions are included, but we can give the exact ansatz in the case where one 
sets the axions to zero. This will not, of course, be a consistent truncation, since the U(l) 
gauge fields will provide source terms of the form e^ vpa F^ v F pa for the axions. Nevertheless, 
one can use the axion-free ansatz for discussing the exact embedding of four-dimensional 
solutions for which the axions are zero. The full N = 2 four-dimensional theory, including 
the axions, is obtained in Appendix [F]. 

The reduction ansatz for the eleven-dimensional metric is 

ds\ x = A 2 / 3 ds 2 4 + g- 2 A" 1 / 3 ]T iri ( d tf + (dfr + g A^f) . (6.25) 



where A = YU=\ -^i nj- The four quantities fa satisfy J2i = 1- They can be parameterised 
in terms of angles on the 3-sphere as 

/ii = sin# , [i2 = cos 9 sin 93 , /U3 = cos^ cos<^ simp , [14 = cos 8 cos (p cos ip . (6.26) 

The four Xi, which satisfy X1X2X3X4 = 1, can be parameterised in terms of three dilatonic 
scalars (p = (<pi,(p2,<p3): 

X % = e ~3 Si "? , (6.27) 

where the Sj satisfy the dot products 

Mij = ck ■ Sj = ASij - 1 . (6.28) 



A convenient choice, corresponding to the combinations of ( F.ll ), is 

a x = (1,1,1), a 2 = (1,-1,-1) , a 3 = (-1,1,-1) , aj = (-1,-1, 1) . (6.29) 
The reduction ansatz for the 4-form field strength is 

F w = 2g^(^^-AI,) £(4) + l ^Jri^Ad^) 

i " i 

"2^2 E^ 2 <^)A(#i + ff4 ) )A*4 ) . (6.30) 
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Here, * denotes the Hodge dual with respect to the four-dimensional metric ds 2 , and e (4) 
denotes its volume form.0 

It is of interest to note that the eleven-dimensional Bianchi identity dF {i) = already 
gives rise to the four-dimensional equations of motion for the scalars and gauge potentials, 
namely 

d*d log(X t ) = \ ]T Mij Xj 2 *F? 2) A F{ 2) +g 2 J2 My X, X k - g 2 £ M {j X 2 , 
3 3 

d(X- 2 *Fi 2) ) = 0. (6.31) 

It is straightforward to see that these equations of motion can be obtained from the four- 
dimensional Lagrangian 

4 

e~ l C A = R - \{d$) 2 + % 2 (cosh^i + cosh ip 2 + cosh 993) - \ ^ e 3i "? (F{ 2) ) 2 . (6.32) 

i=l 

One might think that it would be possible to obtain the four-dimensional Lagrangian 
by substituting the ansatze ( |6.25 ) and ( |6.30| ) into the eleven-dimensional Lagrangian. In 
fact this is not the case, and one must work at the level of the eleven-dimensional equations 
of motion. One way of understanding this is from the fact that the ansatz for F w does 
not identically satisfy the Bianchi identity. Rather, as we have seen, it satisfies it modulo 
the use of the four-dimensional equations of motion for the scalars and gauge fields. In 
other words, the ansatz is made on the eleven-dimensional 4- form F^ rather than on the 
fundamental potential itself. Consequently, it would not be correct to insert the ansatz 
for .F {4) into the Lagrangian. 

We may further illustrate this point by showing, as an example, how the scalar potential 
arises in the four-dimensional Einstein equation. This comes from considering the eleven- 
dimensional Einstein equation, 

Rab - \R Vab = j2 (F 2 AB - \F 2 tiab) ■ (6-33) 

with vielbein indices A, B ranging just over the four-dimensional spacetime directions a, j3. 
From the ansatz ( |6.25| ), the relevant terms in the eleven-dimensional Ricci tensor and Ricci 
scalar are given by 

4 5 2 



R 



Q 3 



3A 8 /3 



15 If the ansatze (5.25) and (6.30) are linearised around an AcLSa x S 7 background, they can be seen to 
be in agreement with previous results that were derived at the linear level Jl59| . The full non-linear metric 



ansatz (3.25) should be in agreement with the appropriate specialisation of the ansatz given in [185 1 . 
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A 2 £ Xf] r, a/3 + A" 2 / 3 R ap + ■ ■ ■ , (6.34) 



3A8/3 

+6A 2 ( E X 2 " rA ' E X i] + A" 2 / 3 i? + • • • , (6.35) 

i i 

where R a p and i? are the four-dimensional Ricci tensor and scalar, and the ellipsis indi- 
cate that terms not involving purely the undifferentiated scalars have been omitted for the 
purposes of the present illustrative discussion. From the ansatz ( |6.30 ) for the 4- form, the 



eleven-dimensional energy-momentum tensor vielbein components in the four-dimensional 
spacetime directions are given by 

U F h ~ l p2 v a p) = -g 2 a~ 8 / 3 (VpqV 2 - ai,)) 2 ^ . (6.36) 



Substituting ( |6.34j ), ( |6.35 ) and ( 6.36 ) into ( |6.33| ), we find that all the angular dependence 



coming from the //j variables cancels, and that the scalar potential terms in the four- 
dimensional Einstein equation are given by 

R af3 - lRr] a/ 3 = -^g 2 Vr] al 3 , (6.37) 

with V given by 

V = —4 X{ Xj = — 8(cosh ipi + cosh if2 + cosh ip^) . (6.38) 

i<j 

Since ( |6.37 ) derives from the Lagrangian R — g 2 V, we see that we have precisely produced 



the hoped-for potential terms of the gauged supergravity Lagrangian (|6.32| ). This sample 
calculation also serves to illustrate that the angular dependence coming from the [ii variables 
would not have cancelled if we had merely substituted the ansatze ( |6.25 ) and ( |6.30| ) into the 



eleven-dimensional Lagrangian. It also shows that the cancellation of the fii dependence in 
the higher-dimensional equations of motion depends crucially on "conspiracies" between the 
contributions from the metric and the 4-form field strength. This is quite different from the 
situation in toroidal reductions, where each term in the higher-dimensional theory reduces 
consistently by itself, without the need for any such conspiracies. Note, furthermore, that 
the required conspiracies needed for the success of the spherical reduction depend on the 
4-form field strength occurring with precisely the correct coefficient relative to the Einstein- 
Hilbert term. This normalisation is not a free parameter, but is governed by the strength 
of the FFA term in the eleven-dimensional theory. Thus ultimately the consistency of 
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the spherical reduction ansatz can be traced back to the supersymmetry of the eleven- 
dimensional theory. 

Note that the Lagrangian ( |6.32 ) can be further truncated, to pure Einstein-Maxwell 



with a cosmological constant, by setting all the field strengths equal, FL, = 2-^(2)) an d 
setting all the scalars to zero: 

e- 1 £ 4 = fi-l(F, 2) ) 2 + 24g 2 . (6.39) 



The embedding of this theory into D = 11 supergravity was obtained in [162]. The ansatz 
for the metric and field strength for the embedding in [162| was given in terms of a decompo- 
sition of the 7-sphere as a U(l) bundle over CP 3 . This is identical, after a transformation of 



coordinates, to the Einstein-Maxwell embedding given in pi] ]. In the same spirit, the S 5 re- 



duction to five-dimensional Einstein-Maxwell can be described using the method presented 
in [162], with S 5 viewed as a U(l) bundle over CP 2 . (An analogous consistent embedding 



of four-dimensional Einstein- Yang-Mills with an SU(2) gauge group, and a cosmological 
constant, in D = 11 supergravity was obtained in [ j!86| ]. This involves a decomposition of 
S as an SU{2) bundle over S A .) 

6.6 D=4 AdS black holes 

The D = 4, N = 2 gauged supergravity coupled to three vector multiplets admits 4-charge 



AdS black hole solutions, given by |150| , |154 ] 



and 



ds\ = -{H l H 2 H^H A )- 1 l 2 fdt 2 + {H l H 2 H z H i ) 1 l 2 {f- 1 dr 2 + r 2 dnl k ), 
Xi = Hr l (H^HsHi) 1 / 4 , Ajy = Vk(l - Hr 1 ) coth^ dt , (6.40) 



/ /, -H + V r 2 (H1H2H3H4) , H t = l + MSl f 2A . (6.41) 
r kr 



Here, k can be 1, or —1, corresponding to the cases where the foliations in the transverse 
space have the metric dQ 2 , k on the unit S 2 , T 2 or H 2 , where H 2 is the unit hyperbolic 2- 
space of constant negative curvature. In the case of k = 0, one must first make the rescaling 
sinh 2 0i — > k sinh 2 /3j before sending k to zero. The gauge potential for the k = case is 
then given by 

^W*' (6 ' 42) 
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6.7 Rotating M2-brane 



There are four angular momenta, 



1,2,3,4, in the rotating M2-brane. The solution 



can be obtained by oxidising the D = 9 rotating black hole 172 1. After the oxidation, we 
find that the metric of the rotating M2-brane is given by 

i r Adr 2 



dsn 



2 

H~3 



(1 - -g^-) dt 2 + dx\ + dx\ ) + // ■■- 



H\ H2 H3 H4 



2m 



cosh. cy. 

+r 2 Hi (dp 2 + f4 d$) - 6 dt(J2 ti Mi ' 



i=l 



i=l 



r 4 HA 



i=i 



where the functions A, H and Hi are given by 

4 u 2 

A = H1H2H3H4 V , H = l + 
i=i Hi 

e 2 

Hi = 1 + -%, i = l,2,3,4. 

The 3-form gauge potential is given by 

1-H- 1 



2m sinh a 
r 6 A 



A 



(■!) 



(— cosh a dt + li p, 



2 ^i) A d 2 x 



(6.43) 



(6.44) 



(6.45) 



sinh a 

Following the previous Z)3-brane example, we consider the decoupling limit, which is 
obtained by making the rescaling 



m 
r - 



-» em 
er , 



sinh a 



e sinh a 



e~ 2 x» 



(6.46) 



and then sending e — > 0. This has the effect that the last term in ( |6.43| ) is set to zero 
and that the 1 in function H ( |5.44 ) is removed. In this limit, the rotating M2-brane ( |S. 43 ) 
becomes 



ds 2 



11 



A 2 / 3 [ - {H^HzHi)- 1 ' 2 f dt 2 + (H1H2H3H4) 1 / 2 (f- 1 dp 2 + p 2 dy ■ dy) 
+g- 2 A-V3 £ Xri (dp 2 + p 2 (#, + g X 



(6.47) 



i=l 



where 



9 = \gr 2 



y = 2gx, f = -^+4g 2 p 2 H l H 2 H 3 H A 



g 2 = {2m sinh 2 a) , p 



m g 



A = ^X i p 2 . 



(6.48) 
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This is precisely of the form of the metric ansatz in the dimensional reduction given by 



( 6.25 ). The lower dimensional fields are given by 



ds\ = -(ifi H 2 HzH±)- l ' 2 f dt 2 + (H1H2H3H4) 1 / 2 (f- 1 dp 2 + p 2 dx ■ dx) 

1 - H~ x 

Xi = Hr l (H1H2H3H4) 1 / 4 , A i = . % - dt . (6.49) 

gti sinn a 

In the decoupling limit, the gauge potential A^ given in ( |6.450 for the rotating M2- 
brane becomes, after a gauge transformation, 

A m = -g 6 r 6 A dt A d 2 x + — — V £j u3 dd>i A d 2 x . (6.50) 

sinn a '-r J 



We find that its field strength F w = dA^ is also of the form given in (6.30) for the dimen- 
sional reduction ansatz. Thus we have established an exact embedding of four-dimensional 
non-extremal 4-charge AdS black holes into eleven-dimensional supergravity, and further- 
more, that they become precisely the decoupling limit of the rotating M2-branes. It should, 
of course, be emphasised that the four-dimensional AdS black holes that we are considering 



at this point have T 2 rather than S 2 horizons, corresponding to k = in (|6.40| ) and ( |6.41 ). 



It is also straightforward to oxidise the k = 1 and k = — 1 AdS black hole solutions back 
to D = 11, by substituting the four-dimensional fields into the ansatze (6.25) and Q6.30| ). 



6.8 S 4 reduction of D=ll supergravity 

The Kaluza-Klein reduction of eleven-dimensional supergravity on S 4 gives rise to N = 4 
gauged SO (5) supergravity in seven dimensions. In a similar manner to the S 5 and S 7 
reductions that we discussed previously, we may consider an N = 2 truncation of this 
seven-dimensional theory. As described in the introduction, the truncated theory comprises 
N = 2 supergravity coupled to a vector multiplet, comprising the metric, 2-form potential, 
four vector potentials and four scalars in total. For our present purposes, we shall focus 
on a further truncation where only the metric, two gauge potentials (which are associated 
with the U(l) x U(l) Cartan subgroup of 50(5)) and two scalars are retained. This is not 
in general a consistent truncation, but, as in the case of the neglect of the axions in the 
5 7 reduction, it is consistent for a subset of solutions where the truncated fields are not 
excited by the ones that are retained. In particular, solutions of the N = 2 theory for which 
FL) A F 2 2) = 0, such as the AdS black holes, will also be solutions of this truncated theory. 

We find that we can obtain this truncated theory by making the following Kaluza-Klein 
5 4 -reduction ansatz: 

2 

ds 2 u = A^ds^ + g- 2 A' 2 / 3 (x Up 2 + Y / X-Hd^ + ^Ud^ + 9 A\ 1} ) 2 )) (6.51) 

i=i 
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2 _ _ 1 2 

*F (4) = 2g ( x l Ma ~ A *a) e ( 7) + 9 A X e {r) + — £ X" 1 *dX Q A d(nl) 

1 2 

+ ^2-E X r 2 ^ 2 )A(# J+5 ^ 1) )A*^ ) , (6.52) 

" i=l 

where we have defined the auxiliary variable Xq = (Xi-X^) -2 . Here, * denotes the Hodge 



dual with respect to the seven-dimensional metric ds^, e (7) denotes its volume form, and 



denotes the Hodge dualisation in the eleven-dimensional metric. The quantity A is given 
by 

2 

A=]TX Q /i 2 , (6.53) 

a=0 

where [iq, and ^2 satisfy ^Q + /U 2 + /i 2 = 1. The two scalar fields X; L can be parameterised 
in terms of two canonically- normalised dilatons (p = (pi, P2) by writing 

x . = , (6.54) 

where the dilaton vectors satisfy the relations a, • Sj = A5ij — I. A convenient parameteri- 
sation is given by 

Si = {V2, Jl), a 2 = (-V2, yjl) . (6.55) 

Note that the two X^ are independent here, unlike in the cases of the three Xi in D = 5 
or the four Xi in D = 4, which satisfied Ili^i = 1- The auxiliary variable Xq that we 
have introduced in order to make the expressions more symmetrical can be written as 
X = e -5«o'<? w here a = -2(ai + a 2 ) = (0, -Ay/2jh). 

After substituting into the eleven-dimensional equations of motion, one obtains seven- 
dimensional equations that can be derived from the Lagrangian 

e -l£ 7 = R _ 1(^)2 _ g 2 V _ 1 £ jk't (i ^)2 j (6 . 56) 

where the potential V is given by 

V = -4X X X 2 - 2X1 1 x 2 2 ~ 2X 2 1 x i 2 + \{X 1 X 2 )~ 4 ' ■ ( 6 - 57 ) 

This potential has a more complicated structure than those in the D = 5 and D = 4 
gauged theories, and in particular it has not only a maximum at X\ = X2 = 1, but also a 
saddle point at X x = X 2 = 2~ x l h fi~87H . Note that by making use of the auxiliary variable 



Xq = (X1X2) , the potential can be re-expressed as 



V = -\X1X2 - 2XqX x - 2XqX 2 + \Xl . (6.58) 
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It is interesting to note that the Lagrangian can be further consistently truncated, 

by setting X\ = X2 = X, and = F? 2 s = i^ 2 )/v2. This implies that the dilatonic scalar 
(fi is set to zero, in terms of the parameterisation defined by ( 6.55| ). This gives 



e^Cj = R- \(dy 2 ? + g 2 (4X 2 + 4X~ 3 - ±X~ 8 ) - \X~ 2 (F ( " 2 



(2)7 ) 



where 



X = e vTo 



(6.59) 



(6.60) 



This scalar potential was used in [185] to construct supersymmetric domain wall solutions. 



6.9 D=7 AdS black holes 

This Lagrangian (6.56) admits 2-charge AdS black-hole solutions, given by 



ds 2 7 = -(tfxtfa)- 4 / 5 / dt 2 + (tfi^) 175 CT 1 dr 2 + r 2 dQ 
f = k-^ + \g 2 r 2 HiH 2 , X^iH^fl^H^ , 



5,k) > 



\fk coth 0i (1 - Hr 1 )dt , H, = 1 + 



H sinh 2 j3i 



(6.61) 



where dQ^ k is the metric on a unit S 5 , T 5 or H 5 according to whether k = 1,0 or — 1. 
As in the previous cases we discussed, the k = solution is obtained by first rescaling 
sinh 2 j3i — > k sinh 2 /3j before setting k = 0. The metric of the D = 7 AdS black hole was 



obtained in [152], by isolating the spacetime direction of the rotating M5-brane metric. 



6.10 Rotating M5-brane 



There are two angular momenta, i\ and £2, in the rotating M5-brane [173, 180]. Its metric 
is given by 



ds 2 n 



2m 
r 3 A 



dt 2 + dx\ + • • • + dxfj + H 2 ' 3 



Adr 2 



H1H2 



2m 



+r 2 (dti 2 + Y,Hi(dtf + ri 
2m 



2 

i , 



8=1 
2 



4m cosh a 
r 3 H A 



8=1 



8=1 



where A, H and Hi are given by 



2 HI - . , 2m sinh 2 a 



A = Hl H 2 ^ + ^ + ^), H = l + 

tl\ tl2 



" 3 A 



#1 = 1 + 4 



h 2 = i + 1 4 



(6.62) 



(6.63) 
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The three quantities po, p\ and p 2 satisfy p^ + p 2 + p 2 = 1. The 4- form field strength is 
given by F4 = *cL4g, where 

1 - 

A 6 = (cosh a cit + i\ p\ debt + i 2 p\ #2) A d 5 x . (6.64) 

sinha 

The decoupling limit is defined by 

m — > e 3 m , sinha — > e -3 / 2 sinha , 

r — >er, — ► e" 1/2 , ^ — >e£i, (6.65) 

with e — ► 0. In this limit, the metric becomes 

ds 2 n = A l ^[-(H 1 H 2 )-^fdt 2 + {H 1 H 2 ) l ^(r 1 dp 2 + p 2 dy-dy) 

2 

+g- 2 A- 2 ^((X 1 X 2 ) 2 dp 2 + Y,XrHdp 2 + pHdfr.+gAi 1) ) 2 )) . (6.66) 



i=l 



where 



/ o 2 = 4r 5 - 1 , y = \gx, A = {X 1 X 2 )- 2 nl + X x n\ + X 2 nl , 

g 2 = (2m sinh 2 a)" 2/3 , // = 32m g~ l . (6.67) 



The metric ( |6.66| ) fits precisely the dimensional reduction ansatz given in ( |6.51 ) . The lower 
dimensional fields are given by 

ds 2 = -(H l H 2 y 4 / 5 fdt 2 + (H l H 2 ) 1 / 5 (r 1 dp 2 + p 2 dy-dy), 
X t = (HiH 2 ) 2 / 5 H~ x , f = -lL + y2p*H 1 H 2 , 

4 = \~ H C dt - ( 6 - 68 ) 

w gli sum a 

This is precisely the k = AdSj black hole obtained in the previous section, with the 
angular momenta reparameterised as l{ = pg 2 sinh 2 /3j/16. This establishes that the 2- 
charge k = AdS black hole in D = 7 can be reinterpreted as the decoupling limit of the 
rotating M2-brane. (Of course in this example, one can only discuss the embedding when 
the scalar fields are included, since there is no choice of charge parameters for which the 
scalar fields vanish in the seven-dimensional black holes. This contrasts with the cases of 
the rotating D3-branes and M5-branes, where the special choice of setting all the charges 
equal allows the discussion of a simplified ansatz where the scalars are omitted.) 
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6.11 Charge as angular momentum 

To those students of Kaluza-Klein theory who are used to the idea that electric charge is 

momentum in an extra dimension, it may come as a bit of a shock to learn that the electric 

charges of the AdS black holes correspond to angular momenta in extra dimensions. My 

understanding of this is as follows and it relies crucially on the interpretation of AdS^ +1 x 
S d+i 

vacua as the near- horizon limit of (d — l)-brane geometries. 

Momentum and angular momentum correspond to generators of the Poincare group 
or AdS group, and hence to spacetimes that are asymptotically Minkowski or AdS. If 
the spacetime is asymptotically M D , for example, it makes sense to talk about angu- 
lar momentum in D dimensions. On the other hand, if the spacetime is asymptotically 
AdS^ +l x S d+1 , it makes sense to talk about angular momentum in (d + 1) dimensions but 
not in D = (d + d + 2) dimensions. Of course, there is an SO(d + 2) symmetry but this is 
just the isometry group of S d+1 ; I see no reason (yet) to call this angular momentum @. 

The ability to call SO(d + 2) angular momentum depends crucially on the the fact 
that the AdS^ +1 vacua are near horizon geometries of {d — l)-branes and that these brane 
geometries tend asymptotically to M d+d+2 . We can now legitimately refer to S d+1 as the 
rotation group in the d dimensions transverse to the branes, and if we allow these branes 
to spin it will describe their angular momentum. 

(Having said this, one should probably not refer to the electric charge of ordinary five- 
dimensional Kaluza-Klein as "momentum in the fifth direction" either. After all, the sym- 
metry group of M 4 x S 1 is P4 x U(l) and not P5.) 

6.12 Magnetic black holes 

We have seen that the N = 8 gauged supergravity naturally admits a four-electric-charge 
black hole solution. In fact it turns out that this solution is easily generalized to give 
magnetically charged black holes; although the full theory involves non-abelian SO (8) gauge 
fields, the U(l) 4 truncation of ( |6.32 ) gives rise to bosonic equations of motion that are 



symmetric under the electric-magnetic duality 

F i -> Xr 2 * F\ Xi -» X~ l (6.69) 
The resulting four magnetic charge solution in the case k = 1 has the form 

ds 2 = -{H^H-zH^^fdt 2 + {Ht^HsH^if^dr 2 + rW), 



16 Somewhat confusingly, some authors refer to the black holes as "spinning in the S d+1 directions" but 
this is, in my opinion, an abuse of language. 
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Hi = 1 + MSin r h2A , / = 1 - = + ^r\H x H 2 H z H,) 

= /x cosh fa sinh ft sin 5. (6 . 70) 

While the extremal limit is once again reached by taking \i — > and ft — > oo with P a 
1 1 sinh 2 ft fixed, the resulting extremal black hole is in fact not supersymmetric whenever 
In the case of the magnetic Reissner-Nordstrom black hole, this phenomenon was 
previously found in (Note, however, that it is possible to obtain magnetic black holes 
that do preserve some supersymmetry if one allows for event horizons with non-spherical 
topologies Il97|1 ) To see that (|6.T0f) admits no Killing spinors, we note that while the scalar 
potential is symmetric under X, — > Aj -1 , the scalar related terms in the supersymmetry 
variations are not. In particular, focusing on Sx, we find for example 

+d r ((H 1 + H 3 ) - (H 2 + J ff 4 ))[v / 2^/- 1/ V^ /£ ]|efc (1) (6-71) 

(where r/ = r}\ = r/2 = ^3 = ^4), indicating explicitly that the ^-dependent term on the last 
line has a different structure than the others. This is in contrast to the electric solution. 
Additionally, note that the matrices [ijoJ^tij] and [7r<5 iJ ] now commute, while previously, 
for the electric black hole, they had anticommuted in the absence of 7 s . 

For both of the above reasons, we see that whenever g 7^ none of the supersymmetry 
variations vanish, and hence the magnetic solution is non-BPS (regardless of the choice of 
signs of the magnetic charges). In the g — > limit, on the other hand, the last line of ( |6.71 ) 
drops out, and we are left with 

5(2 X ^ ) = V§e V* log f^fp^w - ( 6 - 72 ) 

where = — ir]JoJ 5e ij] is th e projection appropriate to a magnetically charged 

solution. 

Just as for the electrically charged solutions, we may embed the magnetically charged 
solutions back in eleven dimensions. Although the electrically charged black holes then have 
the interpretation as the near-horizon limit of a rotating M2-brane, we do not have any 
such simple interpretation in the magnetic case. 
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6.13 Kaluza-Klein states as black holes 

For ungauged N = 8 supergravity, the supersymmetry algebra admits 4 central charges 
Z±, Z2, Zs, Z4. States fall into 5 categories according as they are annihilated by 4 > q > 
supersymmetry generators, q also counts the number of Z's that obey the bound M = Z max . 
Non-rotating black holes (in the sense of vanishing bosonic Kerr angular momentum L) be- 



long to superspin L = supermultiplets [192, 166]. Starting with a spin J = member 



the rest of the black hole multiplet may then be filled out using the fermionic zero-modes 



|193] , 194]. The spin will run from J = up to J = (8 — q)/2. For gauged supergravity, the 
algebra is different with no central charges but the same multiplet shortening phenomenon 
still occurs |195| , 204]. So we can be confident that the above black holes preserving 4, 2, 1, 



super symmetries will belong to supermultiplets with maximum spins 2, 3, 7/2, 4 0. Unfor- 
tunately, as far as we know, the analogue of the M = Z max condition has never been been 
spelled out in the literature. It is presumably some relation between the AdS quantum 
numbers {Eq,s) and the 50(8) Casimirs. 

It seems entirely consistent, therefore, to identify a subset of the maximum spin 2 black 
hole supermultiplets with the 5 Kaluza-Klein spectrum, in analogy with the black hole 
Kaluza-Klein correspondence of ungauged supergravity |196|, [204|] . The subset in question 



will correspond to electric black holes whose mass is quantized in units of the inverse S 7 
radius. However, this raises the puzzle of how the black holes carrying only U(l) charges 
can be identified with the Kaluza-Klein particles carrying non-trivial 50(8) representations. 
Although we have not demonstrated this explicitly, it seems reasonable to suppose that 
it is the fermion zero modes that provide the non-trivial 50(8) quantum numbers just 
as they provide the non-trivial spin. The fact that these nonabelian charges arise from 
fermionic hair also nicely circumvents the usual no-hair theorems of classical relativity. In 
this connection, it would be interesting to repeat the gyromagnetic ratio calculations of 



[194] and verify that the fermionic hair again yields a gyromagnetic ratio equal to 1, as 
demanded by Kaluza-Klein reasoning. 

It is furthermore tempting, in analogy with the ungauged case, to identify the 2, 3 and 4 



charge solutions as 2, 3 and 4-particle bound states of the singly charged solution |166| , |198|| . 
However, although the quantum number assignments are consistent with this, we do not 
have multi-center solutions in the AdS case. Such a bound state interpretation would, of 
course, lead to states of arbitrarily high spin. 



7 The maximum spin 5/2 solutions are (mysteriously?) absent just as for ungauged supergravity. 
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Another difference between the S 7 and the T 7 compactifications is that the g — ► limit 
of the gauged supergravity does not directly coincide with the massless sector of the T 7 
compactification. They differ by various dualizations. Thus it was possible, for example, to 
find 4-charge solutions with all charges electric as opposed to the 2-electric and 2-magnetic 
charges of the ungauged theory. Moreover, whereas 2 charges are Kaluza-Klein modes and 
2 are winding modes in the Type II A string theory context, there is no T or U-duality 
associated with the S 7 compactification. 

One might also generalize the purely electric and purely magnetic solutions discussed 
here to dyonic black hole solutions of gauged N = 8 supergravity. Neither magnetic nor 
dyonic black holes have any Kaluza-Klein interpretation and do not appear in the spectrum 
of the S compactification of D = 11 supergravity. It would be interesting to provide their 
M-theory interpretation and to determine their role in the AdS/CFT correspondence. 

6.14 Recent Developments 

Since these lectures were delivered, several papers have appeared on related topics: 

* Explicit Kaluza-Klein ansatze for deriving various gauged supergravites have recently 



been given: N = 4, D = 7 gauged supergravity from D = 11 supergravity [ 223 , j224|| ; N = 1 



D = 7 gauged supergravity from D = 11 supergravity |225|; N = 4, 577(2) x £7(1), D = 5 



gauged supergravity from D = 10 Type IIB supergravity [226]; N = 4, 50(4), D = 4 



gauged supergravity from D = 11 supergravity [227]. The complete ansatz for N = 8, 
SO (6), D = 5 gauged supergravity from D = 10 Type IIB supergravity remains unsolved. 

* The CFT duals of AdS black holes rotating in spacetime and carrying electric charge 
as a consequence of the rotation of the corresponding branes in the transverse dimensions, 
as discussed in Section |6[ are treated in |228| and [245]. These papers also exploit the 



appearance of the N = 8 super conformal singleton action [39] as the membrane on the 
boundary, discussed in Section ||. 

* The thermodynamics of spinning branes and their field theory duals are discussed in 
H247fl , while the phase structure of non-commutative field theories and spinning brane bound 



states are discussed in [248]. 

* Unitary supermultiplets of Osp(Q, 2|4), discussed in Section ||, and the AdSijCFT§ 
correspondence are treated in [|229[| . 

* An application of the correspondence between AdS± and a d = 3 conformal field theory 
involving the squashed S 7 |39], [2(| discussed in Section [2]^ is given in [244]. 



The Membrane at the End of the Universe finds application in |24C]], which resolves 
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some puzzles in the AdS/CFT correspondence. 

* A review of M-theory cosmology may be found in [241]. 



6.15 Problems 6 

1. Calculate the Ricci tensor for the general Kaluza-Klein ansatz for odd sphere 5 2fc_1 
reductions of the D-dimensional metric. 

2. Compute the near-horizon limit of the rotating p-brane carrying a single charge given 



in 7.5. 



7 SOLUTIONS TO PROBLEMS 

7.1 Solutions 1 

1. In fact we will solve a slightly more general problem by starting with the L>-dimensional 
Einstein action 

Id = ^ J dP x\f—gR (7.1) 
which after integration by parts may be written 

Id = 2~~2 J d D x^(n ABC n ABC - 2n ABC n CAB - An CA A n c B B ) (7.2) 



where Qmnp are the anholonomy coefficients A. 14. We write the vielbein as 



e M A = I I (7.3) 



p a a 



so that the metric takes the form 



a A- „ ) i7A) 



(7.5) 



where 

A m _ m a 

Note that 

del g M N = del g^det g mn = del g^A (7.6) 
If we choose a gauge e m a = 0, the only non- vanishing components are £l a pii 

iL pac — c mc c « c p 1 [iv 
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where 

F ltv m = d lt A v m -d v A v r (7.8) 

Here we have assumed that all fields are independent of the extra coordinates y m . 
This yields the four-dimensional action 

h = ^riJ d?xV=gVE[R - ^F^F^g^g™ + \g p °{g ih g il - cf l cf k )d p g ik d (T g jl ] 



(7.9) 

We can eliminate y/~K by a Weyl rescaling 



e/ -> ^l% a (7.10) 



to obtain 

' J d i x^[R-\^g ij F^F p Jg^g™+- A g^d^g ij dJ^ 

(7.11) 

In the special case of one extra dimension, gu = e - ^^, A = e -9 ^^, we obtain the 
required result. 

Note that, of the original D-dimensional diffeomorphism group with parameters £ M (x, y), 
the surviving symmetry is the 4-dimensional diffeomorphism group with parameters 
an abelian U(l) k gauge invariance with parameter £ m (x) and a global SL(n, R) 
invariance with constant parameter a m n with a m m = 0: 

r = r (x) + a m n y n (7.12) 
The choice of gauge e m a = does not restrict these invariances, since 

§e m a = ed p e m a + a m n e n a = (7.13) 

2. We make a 4 + 7 split of the world indices: 

x M = (x^,y m ) (7.14) 

where \i = 0, 1, 2, 3 and m = 4, 5, 6, 7, 8, 9, 10 and write the SO(l, 10) spinor index as 

a = (a , a") (7-15) 

where a' = 1, ... 4 is a spinor index of £0(1,3) and a" = 1, ... 8 is a spinor index of 
SO (7). Then the fields split according to the T 7 column of Table 0. 



2k 4 2 
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D = 11 D = 4 field 



spin T 7 S 7 



9mn 


9fiu 


tensor 


2 


1 


1 




9fm 


vectors 


1 


7 


28 




9mn 


scalars 





28 


35 






vector-spinors 


3/2 


8 


8 




\i> a ' a " 


spinors 


1/2 


56 


56 


Amnp 


A 


3-form 




1 







A 


2-forms 





7 







A 


1-forms 


1 


21 







A 


0-forms 





35 


35 



Table 8: The fields of (D = 4, N = 8) supergravity coming from D = 11, N = 1 on T 7 and 
S 7 

The spin assigments are obvious except for the 3-form and 2- form gauge fields. A 
3-form is dual to a non-propagating auxilary field c: 

and c = constant as a result of the Bianchi identity ddA = 0. Similarly, a 2-form 
gauge field is dual to a scalar field (f>: 

^gg m 9 uP 9 pl d a A Pl = e^d^ (7.17) 



i/37 

and d 2 (f) = as a result of the Bianchi identity. 

To summarize: the particle content of N = 8, D = 4 supergravity is (1 spin 2, 8 spin 
3/2, 28 spin 1, 56 spin 1/2, 70 spin zero). 

7.2 Solutions 2 

1. The Einstein equation follows from varying with respect to gMN and the 3-form equa- 
tion follows by varying with respect to Amnp- We shall need the identities: 

S(V^9 MN Rmn) = (S^9)9 MN Rmn + ^9(S9 MN )Rmn^99 MN (SRmn) (7.18) 
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and 

sV^g = \^~gg MN 5gMN (7.19) 

Sg MN = - g MP g NQ 5gpQ (7 . 2Q) 

^/=dg MN SR MN = d N {^-gg MN 5T ML L ) - d L (^gg MN ST MN L ) (7.21) 
Since the last expression is a total divergence we can drop the final term in ( [7,18 ). 



Similarly 

5(V^9 MR 9 NS 9 PT 9 QU F MNPQ F RSTU ) = ^(±F M p Q R F NPQR -\g MN F p Q RS F PQRl 

(7.22) 

Bearing in mind that the AFF term is independent of the metric, we obtain the 
Einstein equation (|2.lD . 

A straightforward variation of the action with respect to Am np then yields the 3- form 
equation ( 2.34| ). 



2. We begin by making an ansatz for the D = 11 gauge fields qmn = &m A ^n B Vab and 
Amnp corresponding to the most general six-five split invariant under Pq x SO(5), 
where Pq is the D = 6 Poincare group. We split the D = 11 coordinates 

x M = (^, y m ) (7.23) 

where /i = 0, 1, 2, 3, 4, 5 and m = 6, 7, 8, 9, 10, and write the line element as 

ds 2 = e^rj^dx^dx" + e 2B 5 mn dx m dx n (7.24) 

and the 4-form gauge field strength as 

Fmnpq — (-vanpqrd & C^ - 25) 

All other components of Fmnpq and all components of the gravitino $ m are set 
equal to zero. Pq invariance requires that the arbitrary functions A, B and C depend 
only on y m ; SO(5) invariance then requires that this dependence be only through 

y = V^mny m y n - 

As we shall show, the three arbitrary functions A, B, and C are reduced to one by 
the requirement that the field configuration ( [7.24 ) and ( 7.25 ) preserve some unbroken 



supersymmetry. In other words, there must exist Killing spinors e satisfying 

D M e = (7.26) 
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where Dm is the bosonic part of the supercovariant derivative appearing in the su- 



persymmetry transformation rule of the gravitino ( A, 18 ). 
We make the six-five split 

r A = ( 7Q ®l, 77 ®S a ) (7.27) 
where 7 a and T, a are the D = 6 and D = 5 Dirac matrices respectively and where 



77 = 7o • • • 75 



(7.28) 



so that 77 2 = 1. We also decompose the spinor field as 



(7.29) 



where C is a constant spinor of SO(l, 5) which may further be decomposed into chiral 
eigenstates via the projection operators (1 ± 77)/2 and n is an 50(5) spinor . 

In our background ( [7.24 ) and (7.25), the supercovariant derivative becomes: 



An = d m + is m S"5 n e B - ld m e c 77 - \{^ m Y, n - Z n Z m )d m e c (7.30) 

2 DO 



Hence we find that ( p. 35 ) admits non-trivial solutions 



(1 + 77)77 = 



(7.31) 



where 



where 770 is a constant spinor and 



A = -C 
3 



B = —-C + constant 



(7.32) 



(7.33) 



In each case, ( 7.31 ) means that one half of the maximal possible supersymmetry 
survives. 

With the substitutions (7.24), ( |7.25j ) and ( |7.33| ), the Einstein equation and the 4- form 
equation reduce to the single equation for one unknown: 



5 mn d m d n e 







(7.34) 
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and hence, imposing the boundary condition that the metric be asymptotically Minkowskian, 
we find 

b 3 

e~ c = 1 + (7.35) 

yi 

where k§ is a constant, at this stage arbitrary. Thus the metric is given by 

ds 2 = (1 + b 3 /y 3 )- l/3 dx^dx^ + (1 + b 3 /y 3 ) 2/3 (dy 2 + y 2 dn A 2 ) (7.36) 
and the four-form field strength by 

F 4 = 36 3 e 4 (7.37) 
Here e 4 is the volume form on S 4 and f2 4 is the volume. 

7.3 Solutions 3 

1. We use the duality between M-theory compactified on a 2-torus T 2 of area A (mea- 
sured with the M theory metric g ) and the Type IIB theory compactified on a 
circle S 1 of radius R (measured with the IIB metric g B = (3 2 g M ) [101]. Thus p-brane 



tensions of dimension d = p + 1 will be related to each other by = (5 d T^ B . 

The D = 9 particle spectrum will involve Kaluza-Klein MO-branes of mass TM^KK) = 
2-kA- 1 / 2 which are identified with winding states of mass T B (W) = 2irRT B , coming 
from wrapping the IIB string with tension T B around S 1 , so 

2ttA- 1/2 = /32vr RT? (7.38) 



There will also be winding MO-branes of mass AT 3 M coming from wrapping the M2- 
brane with tension T 3 ' 
states of mass so 



brane with tension T 3 M around T 2 , which are identified with the IIB Kaluza-Klein 



AT 3 M = PR' 1 (7.39) 

Hence 

A = P 4 (7-40) 



T 3 



and 

R = (3- 3 -^- (7.41) 



(T 2 B ) 2 



Next we identify the M2-brane in D = 9 with the D3-brane with tension T^ B wrapped 
around S 1 : 

T 3 M = (3 3 2ttRT 4 b (7.42) 
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and the D3-brane in D = 9 with the M5-brane with tension Tq 1 wrapped around T 2 : 

AT 6 M = (3 A T 4 B (7.43) 



Eliminating R we find 



and eliminating A we find 



and hence that 



Ta B = ^{T 2 B f (7.44) 



Tq M T 4 < 



(T3 M)2 ( T2 S)2 



(7.45) 



T 6 M = -^(T 3 M ) 2 (7.46) 

Z7T 

in agreement with the purely D = 11 result ( |2.71| ). 

2. The Lagrangian of D = 9 iV = 2 supergravity as low-energy limit of Type /-L4 string 
compactified on a circle can be obtained from dimensional reduction of Type II A 
supergravity in D = 10, which itself can be obtained from dimensional reduction 



of D = 11 supergravity. Using the notation adopted in [168], the bosonic sector of 
the theory contains the vielbeins, a dilaton eft together with a second dilatonic scalar 
(p (which measures the size of the compactifying circle), one 4-form field strength 
F 4 = dA 3 , two 3-forms F 3 (i) = dAf , three 2-forms F 2 (12) = dA { ^ 2) and f$ = dAf 

~ f 12) (12) 

and one 1-form J 7 ^ = cIAq . The full bosonic Lagrangian is given by 

-If,af 4 a4 2) -f^afPaa 3 . 

Here we are using the notation that field strengths without tildes include the various 
Chern-Simon modifications, whilst field strengths written with tildes do not include 
the mofications. Thus we have 

jlf aa^-^aaPaA? , 



Fa 


= F.-F^AA?- 


fP 


= F 3 (1) - F 2 (12) A 4 2) 


if) 


= Ff + if 2) A A? 


F^ 


£,(12) _ 
— b 2 i -T2 — 



-A£ 2 \fU-F^AA?), (7.48) 

T (l) ,(12)^(2) T (2) _ £(2) _(12) _ ~(12) 
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IIA 




IIB 


D = 10 


D = 9 


T-duality 


D = 9 


L> = 10 


R-R 

fields 


^3 


^3 


< — > 


^3 


5 4 




< — > 




Af 


A? 


A? 


< — > 


A* 




< — > 


X 


X 


NS-NS 
fields 




A? 


< — > 




A™ 




A?) 


< — > 




4 12 > 


< — > 


^1 





Table 9: Gauge potentials of Type II theories in D = 10 and D = 9 

The lagrangian of the D = 9 supergravity as low-energy limit of Type IIB string 
compactified on a circle can be obtained from dimensional reduction of Type IIB 
supergravity in D = 10. It is given by 



e-^nB = R-Ud<t>f -Udipf 



2 e 



-2c6 



{dxf 



48 c 4 12 c 



4F 4 AF 4 Aii - K (NS) A Fo W A A 3 • 



(R)x2 



(7.49) 



Note that in D = 10, there are two 2-form antisymmetric tensors, one of which is the 



NS-NS field A 



[> NS ^ , and the other is the R-R field A^ ■ The dimensional reduction of 
these two 2-form guage potentials also gives rise to two vector fields in D = 9, denoted 
by A^ S ^ and respectively. 

The D = 10 IIA string and IIB string are related by by a perturbative T-duality, 
in that Type IIA string compactified on a circle with radius R is equivalent to Type 
IIB string compactified on a circle with radius 1/R. At the level of their low-energy 
effective actions, it implies that there is only one D = 9 N = 2 supergravity. The 
Lagrangians (7.47) and ( 7.49| ) are related to each other [86] by local field redefinitions. 
The relations between the gauge potentials of these two nine-dimensional theories 
(including the axions) are summarized in Table |9|. 
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The relation between the dilatonic scalars of the two nine-dimensional theories is given 

CL-U 1 )(?)-■ 

The dimensional reduction of the ten-dimensional string metric to D = 9 is given by 
d* 2 - p-hj« 2 

ab str — e a6 10 

= e ~h ( e f/(2V7) ds 2 + e -V7 V /2 {dz2 + ^ )2) ^ 

where ds 2 and dsg are the Einstein-frame metrics in D = 10 and D = 9. The 
radius of the compactifying circle, measured using the ten-dimensional string metric, 
is therefore given by R = g-l^-v^/^ It foii^ f rom flfTfflp t h at t h e ra dii R n a and 

°f the compactifying circles, measured using their respective ten-dimensional 
string metrics, are related by Rha = 1/Riib- 

7.4 Solutions 4 

1. We begin with the bosonic sector of the d = 3 world volume of the D = 11 super- 



membrane 1A. To see how a double worldvolume/spacetime compactification of the 
D = 11 supermembrane theory on S 1 leads to the Type II A string in D = 10, let 
us denote all {d = 3, D = 11) quantities by a hat and all (d = 2, D = 10) quantities 
without. We then make a ten-one split of the spacetime coordinates 

x £l = {x M ,y) M = 0,l,...,9 (7.52) 

and a two-one split of the worldvolume coordinates 

e = (e,f) i = 0,l (7.53) 

in order to make the partial gauge choice 

e = y, (7.54) 

which identifies the eleventh dimension of spacetime with the third dimension of the 
worldvolume. The dimensional reduction is then effected by taking the background 
fields g^ifj and A^^p to be independent of y. The string backgrounds of dilaton (ft, 
string a- model metric qm Ni 1-form Am, 2- form Bmn and 3- form Amnp are given by 

g M N + e®A M A N e 2 ^A M 
e 2 U N e* 

Amnp = A M np 

Amny = A M n ■ (7.55) 



g MN = e~ 2 ^ 
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The choice of dilaton prefactor, e _2?i//3 , is dictated by the requirement that gMN be the 
D = 10 string cr-model metric. ( To obtain the D = 10 fivebrane cr-model metric, the 
prefactor is unity because the reduction is then spacetime only and not simultaneous 
worldvolume/spacetime. This explains the remarkable "coincidence" between gMN 
and the D = 10 fivebrane cr-model metric.) 

Varying the supermembrane action ( |4.1| ) with respect to the metric 7« yields the 
embedding equation 

% = d^d^g^x) (7.56) 
while varying with respect to x M yields the equation of motion 

d-iV^fh^) + x — v ( -/,.\r,- /, r v/ , , ' / = y^u) i r x o/ , o i y-'r x ' Xlv (7.57) 

where F M ftpQ * s ^ e strength of A M ^p, 

F MNPQ = ^[M A NPQ] (7.58) 

Having made the two-one split of the worldvolume coordinates and the ten-one split 
of the spacetime coordinates, and having made the partial gauge choice, the double 
dimensional reduction is then effected by demanding that 

dx M 

(7.59) 



and 



MN _ = ^MML = (7 60) 



dy dy 

From ( 7.55| ), the induced metric on the worldvolume is now given by 



where 



2., a I Hj + e^AiAj e^Ai 



y L j = dix djx gMN 

Ai = d iX M A M (7.62) 



Note that 



^ = \/=7 (7-63) 
Substituting these expressions into the field equations (|7,57j ) yields in the case M = M 

di(y/^f j djX M ) + ^^diX N djX P T NP M = -e ij diX N d jX p F M NP (7.64) 
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where Fmnp is the field strength of Ajmnp, 

Fmnp = 3d[ M A NP } (7.65) 

In the case M = y, ( |7.57j ) is an identity as it must be for consistency. 

But ( 7.64| ) is just the ten-dimensional string equation of motion derivable from the 



action 



So 



-J=1> r *>a i x M d j x N gMN(x) 



-e^d^d^AMNix) 



One may repeat the procedure in superspace to obtain 



S 2 = T 2 d 2 i 



(7.66) 



(7.67) 



which is just the action of the Type II A superstring. Note that the ten-dimensional 



bosonic R-R fields Amnp, Am and have decoupled in ( 7.66 ). They have not disap- 
peared from the theory, however, since their coupling still survives in the R-R sector 



of (7.67). 



7.5 Solutions 5 

1. Rotating p-branes in arbitrary dimensions, supported by a single (p + 2)-form charge, 
are all straightforwardly obtained by diagonally oxidising the rotating black holes 



constructed in |172|. There are two cases arising, depending on whether d is even or 
odd. 

In this case d + 2 = 2N, there are N angular momenta li, with i = 1, 2, . . . , N. We 
find that the metric of the rotating (n — 2)-brane solution to the equations is 



ds 2 D 



d 



H D-2 



("0 



2m 
r d A 



)dtr + dx-dx) +HD-2 



Adr 2 



N 



2m r 



+r 2 £ HiM + M? - dt E 4 *k 



i=i 
2m 



r d H A 



i=l 



N 



r*HA i 



i=l 



(7.68) 



where the functions A, H and Hi are given by 

A = Hl ...H N j:d, ^ = 1+ 2msinh^ 



i=l 



Hi 



r d A 



Hi = 1 + -V , 



1.2, 



,N 



(7.69) 
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The dilaton 4> and gauge potential A^ n _ 1) are given by 

1 - R- 1 N 
e 2<p/a = H ^ A (n _u = — -( cosh (3 dt + Y titfdfa) Ad n ~ 2 x . (7.70) 

sinhn V r— f ' 

1 i=i 

The N quantities /Xj, as usual, are subject to the constraint ^2i(J-j = 1. One can 
parameterise the /Xj in terms of (iV — 1) unconstrained angles. A common choice is 

i-l 

//j = sin TT cos , i < N — 1 , 

j=l 

2V-1 

Miv = II cos V>j • (7.71) 
Note that IIj=i cos ipj is defined to be equal to 1 if n < 0. 

In the case d + 2 = 2iV + 1, the solution has the same form as above, but with the 
range of the index i extended to include 0. However, there is no angular momentum 
parameter or azimuthal coordinate associated with the extra index value, and so 
£q = and <pQ = 0. Otherwise, all the formulae given above are generalised simply 
by extending the summation to span the range < i < N. Of course Hq = 1 as a 
consequence of £q = 0. 

7.6 Solutions 6 

1. The general Kaluza-Klein ansatz for odd sphere S 2k ~ l reductions of the .D-dimensional 
metric may be expressed in the form 

k 

ds 2 D = A a ds 2 d + A~ b J2 (dtf + i4 (dft + A\ X) f) , (7.72) 
i=i 

where we have set the radius of S' 2fc_1 to unity. There are k — 1 scalar degrees of 
freedom parameterised by the k quantities satisfying the constraint nf=i -^i = 
1. This form of the line element encompasses both the S 5 reduction of Type II B 
supergravity and the S 7 reduction of eleven dimensional supergravity. As defined 
previously, A = £i=i X if xj and Ei=i A = 1 - 

In the absence of the gauge fields, this metric has a block diagonal form, with the 
blocks corresponding to the d-dimensional spacetime, the k—1 direction cosines /Xj and 
the k azimuthal rotation angles <j>{. The main difficulty in computing the curvature 
of ( 7.72j ) lies in the fact that the /ij's are constrained. Nevertheless, we may perform 



an asymmetric choice of using the first k — 1 of them as actual coordinates, while 
expressing as the constrained quantity = (1 — Ya=i Hi) 1 ^ 2 - 
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Since numerous terms are involved in the computation, it is imperative to clar- 
ify our notation. We denote the lower-dimensional spacetime indices by /j,, v, . . . = 
0, 1, . . . , d — 1, the direction cosine indices by a, (3, 7, . . . = 1, 2, . . . , k — 1 and the az- 
imuthal indices by . . . = 1,2, ... ,k. Note that for instance implicit sums over a 
always run over k — 1 values, while sums over i always run over the full k values. 

Thus (with vanishing gauge fields) the .D-dimensional metric may be expressed in the 
form 

Gmn = diagfA'V, A-%, A~ b g a(3 ] , (7.73) 
where gij = X^fj^Sij is diagonal and 

g a/3 = X a S af3 - A~ 1 X a X f 3fi a fi f 3 , (7.74) 

with [i a = Ha/nk- Note that detg^ = A//i|. As the /j, a themselves are coordinates, 
this allows the use of expressions such as d a [ik = —fi a and d a fip = n~ k 1 (5 aj 3 + fi a jj,p). 
In addition, all a,{3, . . . indices are raised and lowered with the metric g a p. 

Using this specific form of the metric g a p and the fact that det g^ = Ili=i A 4 ! > we find 
det Gm n = det g^ v A K+2a YliZi where the product provides the measure over the 
internal S 2 * -1 . Here k = a(d- 2) - b(2k - 1) + 1 so that ^f^GR ~ y/—g A K / 2 . Hence 
one expects k = in order to prevent any A dependence from appearing in front of 
the lower-dimensional Einstein term. Indeed we see that k vanishes for both the S 5 
and the S 7 reductions considered in the text. 

We have only computed selected components of the full D-dimensional Ricci tensor 
which are of interest in the Kaluza-Klein reduction. While we have used an asymmetric 
parameterisation of the direction cosines, the final results are symmetric in all k of 
the /Vs. For the lower-dimensional components of Rmn we find 

Rfxv = R$ -^A~ 1 d f ,d u A + l({a + 2)K-(a + b)b(2k-l)+a + 2b)A- 2 d^Ad u A 

+\(d»g aP d v g a p - X- 2 d^Xid v Xi) (7.75) 
+g^[~l A- X V 2 A - |(« - 2)A-VA3 p A] 

+g^A a+b [-l (k + 2a + 2b - 3)A- 2 3 a Ad a A - ^(A^V 2 A + A~ 1 fj,~ 1 d a fj, i d a A)] , 

where R$ denotes the Ricci tensor of the d-dimensional spacetime metric g^ u . We 
have also determined the internal Ricci components R^ and R a p necessary for com- 
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puting the D-dimensional scalar curvature. For the former we find 

Rij = g lj A- a -% K A- 1 Xr 1 dPAd p X t + ^A- 1 V 2 A + l( K -2)A- 2 dPAd p A] (7.76) 
+gij[-\{K + 2a + 26 - 1)A- V^V^A - ^ _1 V 2 ^ + Ar 1 (X i E X - X?) 
+ + 2a + 2b - 3)A~ 2 d a Ad a A + fA^V 2 ^ + fA-V^V^A] 

(no sum on i), while for the latter we have 

R a p = A- a - b [\f 5 d p g ai d p g p5 - InA^dPg^dpA - \\7 2 g a p] 
+g aP A- a - h [\(K - 2)A~ 2 ^A9 P A + |A _1 V 2 A] 

+R a /3 - ±(k + 2a + 26 - lJA-^aV^A - /t^^V^, (7.77) 
-\{{b - 2)k + a(a + b)d + (b - 2)(2a + 2b - l^A^^A^A 
+g af3 [^A- 1 V 2 A + \ (k + 2a + 26 - 3)A- 2 d 7 Ad 7 A + |A" V^VA^] • 

Note that i? Q/ g as well as the covariant derivatives V a are defined with respect to the 
(k — l)-dimensional metric ds 2 = J2i=i X^ 1 dnf. While these expressions are rather 
unwieldy, they simplify considerably in both the S* 5 and the S reductions, as many 
of the coefficients take on simple values. 

Finally, by taking the trace of the above, we find the expression for the L>-dimensional 
curvature scalar 

R = A~ a [RW - ( K + a)V(A- 1 V p A) + \(dPg a pd p g aP - X^O^X^) 
+£(-(« + a)(« - 1) + 26 - (a + 6)6(2fe - l))A- 2 d"Ad p A] 
+A b [R - (k + 2a + 6 - 1)(A _1 V 2 A + A~ l ^ 1 d a ^i i d a A) 

+\{-{k + 2a + 6 - 1)(k + 2a + 26 - 5) - a(a + 6)d)A- 2 d Q Ad a A 
-2 / uriv 2 / u l + A-iQT X) 2 - A" 1 J2 x2 \ ■ ( 7 - 78 ) 

To make contact with the Kaluza-Klein reductions, we note that explicit computation 
of R yields 

r = a- 1 [2A- 1 e * V - 2A- 1 e * E * V + (E x ? - E > ( 7 - 79 ) 

where we have followed a shorthand notation of removing indices so that, X s \j? = 
J2i=i XilAi f° r example. Note that for the special case of k = 3, corresponding to 
S 5 , not all of the above quantities are independent. As a result we find that this 
expression simplifies to yield R^=3) = 2A~ 2 XlAT2A^3 = 2A~ 2 . Additionally, we often 
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find the following identities useful: 

d a A.d a A = -^(^xVf-E^V], 

v 2 a = 2[a-\J2 x V) 2 - a -1 E X V - a~ x E x E X V + E l2 l- 

lAr^mBaA = ^[A^E^E^V-E* 2 ] • 

^v 2 w = a-^a^e^E^V-CE^) 2 ]- ( 7 - 8 °) 



The 5 reduction of Type iXB supergravity discussed in Section p.2\ corresponds to 
the choice of d = 5 and a = 6 = ^ . In this case we obtain 

+2(A- 1 +3^I" 1 ) 1 (7.81) 

where we have used the simplified expression for R(k=3) given above. On the other 
hand, the S reduction of eleven dimensional supergravity, given by the line element 
( |6.25 ), corresponds to the choice of d = 4 and a = |, b = g. The eleven-dimensional 



curvature scalar is 

-§ a- 2 (E ^ V) 2 + Ia- 1 E x V 2 - 1 a- 1 E * E X V 
+4(E^) 2 -f E^ 2 • ( 7 - 82 ) 

The last two lines involve undifferentiated scalars, and is used in ( |6.35| ). Curiously, the 
scalar kinetic terms in both cases have an identical structure save for a total derivative, 
and take on a standard Kaluza-Klein appearance (since X~ 2 d p Xid p Xi = —d p gijd p g^). 
Finally note that the implicitly defined term d p g a pd p g al3 may be evaluated to give 

- d p g aP d p g aP = Xr 2 d p X i d p X i + A" VAd p A - 2A~ 1 Xr 1 d p X i d p X i tf . (7.83) 
2. The general expression for a rotating p-brane carrying a single charge is given in 



7.5. Following the procedure in the previous sections, we may take the limit of large 



p-brane charge, by performing the rescalings 

m — > e d m , sinh/3 — > e~2 sinh/3 , 



d 



r — >er , x p — ► e 1 " J/2 x p , h^eli , (7.84) 
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and then sending e to zero. We find that the metric becomes ds 2 = e° 2 / 2 ds 2 , where 
a is given by ( |5,31| ) and the metric ds 2 is given by 



ds 2 D = AD-2 e dv 



d-2 



(H!---H N ) d-ifdt 2 



1 , ~] {D-2)o? 
+(Hi ---Hn) d-l ((- gp) 2d / dp 2 + p 2 dy 



d 

N 



+g- 2 A D-2 e -*f Xr 1 (dp 2 + pfidfr + g A 



\i\2 



(7.85) 



i=l 



where 



gp={d/d){grf d 
g~ d = 2m sinh 2 (3 , 



y = g(d/d)x , 
p = 2m {d/d) d ~ 2 g 2+d ~ d 



(7.86) 



and 



/ 



A 



P' 



^ + (d/d) 2 g 2 p 2 (H^-. H N ) , X t = (H, ■ ■ ■ H N ) W 



Y^i Xi p 2 



2d 



e~^ v = {d/d)gp . A 1 



1 - H7 



dt . (7.87) 



It follows that the {d + l)-dimensional metric becomes 

ds 2 d+l = ■ ■ ■ H N )-%=Z f dt 2 + (H 1 --- H N )dh ( e -P-2) v /-I dp > + p 2 dy ■ dy 

(7.88) 

(D-2) 

The Einstein-frame metric is given by ds\ = e (d_1) ^ ds^ +1 . This is the metric of 
an iV-charge black hole in a domain-wall background. In the case when a = 0, the 
domain wall specialises to AdSd+i- 
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9 APPENDICES 



A The Lagrangian, symmetries and transformation rules of 
D=ll supergravity 

The unique supermultiplet in D = 11 consists of a graviton described by the elfbein ej\4 A , 
a gravitino described by the Rarita-Schwinger vector-spinor m and the 3-form gauge field 
Amnp- Here letters at the beginning of the alphabet are local Lorentz indices and letters 
from the middle of the alphabet are spacetime world indices. The Lagrangian is given by 

1 



Cl1 = n 2 e 

2k u 2 



R- -^F MNPQf mnpq - 7^72 oT7i2 e Ml ' " Ml 1 A M i M 2 M -i Fm 4 m 5 m 6 m 7 F m& m 9 m 10 Mu 



12kh 2 3!4! 2 



1 

where 



-2M M T MNP D N £±^)V P + ^ M T MNPQRS *N + VM p T t * R *s){Fp Q RS + F PQRS ) 

(A.l) 

* = ^ t r° (A.2) 



and ^ is a Majorana spinor obeying 

* = m T C~ l (A.3) 
where C is the charge conjugation matrix obeying 

C- l Y A C = -T A T (A.4) 
and are the D = 11 Dirac matrices 

{r A ,T B } = 2t/ as (A.5) 
V AB = diag(-, +,+,...+) (A.6) 



Furthermore, 



e = cfei e M A (A.7) 

Fmnpq = 4d[ M A NPQ ] (A. 8) 

Fmnpq = Fmnpq — ^[m^np^q] (A. 9) 

£>mM*jv = 9 M ^iv + ^TVABr^ (A.10) 

UJNAB = UNAB ~ ^P^NAB PQ ^Q (A- 11 ) 
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I 



lo nab = Lo u N AB(e) + - [VpTnab y *Q - 2(V n T b *a - ^nTa^b + ^bT n ^a)\ (A.12) 
u°NAB(e) = e N Ae p b{^pmn + ^mnp — ^npm) (A. 13) 

where SImnp are the anholonomy coefficients 

[d A , d B ] = [e M A d M , e N B d N ] = n AB C d c (A.14) 

and e M a is the inverse of eu A '- 

e M A e NB VAB = 5 M N (A.15) 

The action is invariant under the following symmetry transformations: 
a) D = 11 general coordinate transformations with parameter £ M : 

Se M A = e N A d M £ N + i N d N e M A 

5*m = *Nd M Z N + Z N d N V M 
5A MNP = 3A Q[MN d P] Z Q + t Q d Q A MNP (A. 16) 

b) Local SO(l, 10) Lorentz transformations with parameter aAB = — cepA- 

r A R A 

oe M = -e M «B 

<5*M = ~2 a AB^ AB ^M 

5A MN p = (A. 17) 

c) N = 1 supersymmetry transformations with anticommuting parameter e: 

5e M A = ieT A ^ M 

6* M = D M (cu)e - ^L(r M PQi?5 - 85 M P r QRS )F PQRS e 

SA MNP = 3ieT [MN y P] (A. 18) 

d) Abelian gauge transformations with parameter Amn = —Anm- 

5e M A = 
8^ M = 

SAmnp = d [M A NP] (A.19) 

e) an odd number of space or time reflections together with 

A-mnp — ► —Amnp (A. 20) 
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B The field equations, symmetries and transformation rules 
of Type IIB supergravity 

Next we consider Type IIB supergravity in D = 10 (2l], which also describes 128 + 128 
degrees of freedom, and corresponds to the field-theory limit of the Type IIB superstring. 
The spectrum of the supergravity theory consists of a complex scalar A, a complex spinor 
A, a complex 2-form Amn, a complex Weyl gravitino a real graviton eu R and a real 
4- form Amnpq whose 5-form field strength Fmnpqr obeys a self-duality condition. The 
complex Weyl spinors -0A/ and A have opposite handedness 

lll^M = -tpM (B.l) 

7iiA = A (B.2) 

Owing to the self-duality of Fmnpqr, there exists no covariant action principle. It is 
therefore simplest to work directly with the field equations, which are: 

D M P M = ^io 2 G M npG mnp + 0(^) (B.3) 

1 M D M \ = ^Li Kl07 ^-^AF Pl ... P5 + O^ 2 ) (B.4) 

D p G MN p = P P G* MN p - ^iKi F MN pQRG* p Q R + 0(^ 2 ) (B.5) 

j^DmiPp = -z\ 7 p j M X*P P - ^k W 7 NPQ 7 M \G*npq + 0(V 3 ) (B.6) 

Rmp - \gupR = PmP*p + P*mPp ~ 9mpP R P*r + \n 1Q 2 F Rl ... RiM F R ^ P 
2 o 

+ l^ 2 (G M RS G*p RS + G* m RS Gp R s) - y^ 2 9mpG rst G*rst + 0(V> 2 ) (B.7) 



where 



Fmnpqr — *F M npqr (B-8) 

Pm = f 2 d M B (B.9) 

Gmnp = /(Fmnp — BF* mnp) (B.10) 

Fmnp = 3<9[ M ^vp] (B.ll) 

/ = (l -B*B)~ 1/2 (B.12) 
5 

Fmnpqr = ^[m^-npqr] ~ T«io^(^[Af nF*pq R ]) (B.13) 
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and where the supercovariant derivative Dm involves the composite U (1) gauge field 

Q M = flm(Bd M B*). (B.14) 

Our notation is that X* is the complex conjugate of X while *X is the Hodge dual of X. 
We also have the identities 

D [M Pp] = (B.15) 

D { mG npq] = -P [M G* NP ® (B.16) 

d [P Q M] = -iP [P P* M] (B.17) 
5 

9[nFm 1 ...m 5 ] = J^inG[NM 1 M 2 G* M 3 M4,M 5 ] (B.18) 

The symmetries are D = 10 general covariance, local SO(l,9) Lorentz transformations, 
local supersymmetry with complex Weyl spinor parameter e 

7ne = -e (B.19) 

and a global SL(2, R) invariance. The supersymmetry transformation rules are 

SB = K 10 f- 2 tX (B.20) 

SA M n = J{hmn^ + 4ie*7 [M V>jv] + Be*^ M N^ + &Be^ M ip* N] ) (B.21) 

SX = — 7 M e*P M - U^eG MNP (B.22) 
KlO 24 

fy M = —D M e + -Li^-KjMeFp^ + -L( 7M ^GW Q - 9 7 PQ GmpqK 

-^io (^7P^M7 P e* - y^7Pi...P 5 VM7 Pl '" P5 e*) 

1 r /9 p \ 
+— ^io[l-7M7 + 3 7 7M J eA7pA 

" (^7P7 PlPaP3 + ^7 PiP2P3 7m) e^ftftA + ^^-^eX-yp^X] (B.23) 

Je M P = -2Ki /m(e7 P Viv) (B.24) 
3 

SAmnpq = 2Re{e"fMNp4>Q}) ~ ^ki (A[ MN 5A* PQ ] - A*[ MN SA P q] (B.25) 

where 

Pm = Pm~ K 10 2 ij* M X (B.26) 

GWp = G M Afp - 3«;ioV'[ju-7Arp]A - QiKwi>*[MlN^p] (B.27) 
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and 

FmNPQR = FmNPQR — 5KlQlp{MjNPQlpR] ~ ^^W^lMNPQR^ (B.28) 

and where 

D M e = (d M + - a oJm RS 1rs ~ \iQu)e (B.29) 



where 



and 



UMNP = &>NPM + ^NMP + ^MPN (B.30) 



&mnp = e R P d[ M e N ] R + K 10 2 Im(ipMlP7N) (B.31) 
The fields transform under SL(2,R) with parameters a and 7 as 

5B = a + 2i~fB - a*B 2 (B.32) 

5\ = _i[ 7 + Im(aB*)}\ (B.33) 

= + Im(aB*)]^ M (B.34) 

SA M n = ilA M N + aA*MN (B.35) 

Se M R = (B.36) 

SFmnpqr = (B.37) 

C The Lagrangian, symmetries and transformation rules of 
the M2-brane 

Let us introduce the coordinates Z M of a curved superspace 

Z M = (x»,9 a ) (C.l) 

and the supervielbein Em A {Z) where M = fi,a are world indices and A = a, a are tangent 
space indices. We also define the pull-back 

E l A = d i Z M E M A . (C.2) 

We also need the super eZ-form Acba(Z). Then the supermembrane action is [fil], [42| 

s = t 2 J d 3 t l^ 7 r r ij E .a E .b rjab + i^r 7 



+ ^-^E^E^E^Acba 



(C.3) 
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Note that there is a kinetic term, a worldvolume cosmological term, and a Wess-Zumino 
term. The target-space symmetries are superdiffeomorphisms, Lorentz invariance and d- 
form gauge invariance. The worldvolume symmetries are ordinary diffeomorphisms and 
kappa invariance which we now examine in more detail. The transformation rules are 

5Z M E a M = 0, 5Z M E a M = k p (1 + T Tp ( c - 4 ) 
where is an anticommuting spacetime spinor but worldvolume scalar, and where 

T a p = —^e i i k E i a E j b ...E k c T abc . (C.5) 

Sly/ -J 

Here T a are the Dirac matrices in spacetime and 

r ai ..a d = r [ai ... ad] . (c.6) 



The matrix T of (C.5) is traceless and satisfies 



T 2 = 1 (C.7) 

when the equations of motion are satisfied and hence the matrices (l±r)/2 act as projection 
operators. The transformation rule ( |C.4| ) therefore permits us to gauge away one half of 
the fermion degrees of freedom. As desribed below, this gives rise to a matching of physical 
boson and fermion degrees of freedom on the worldvolume. 

The kappa symmetry is achieved only if certain constraints on the antisymmetric tensor 
field strength Fmnp..q{^) and the supertorsion are satisfied. One can show that the con- 
straints on the background fields Em A and Amnp are nothing but the equations of motion 
of eleven-dimensional supergravity. 

D The field equations, symmetries and transformation rules 
of the M5-brane 

The M5-brane equations are elegantly derived from the superembedding formalism which 
treats the brane as a supermanifold M embedded in a larger spacetime supermanifold M. In 



this subsection, therefore, we use the notations and conventions of |230| , 231 ], In particular, 
we denote by z— = (x— , 9— ) the local coordinates on M_, and A = (a, a) is the target tangent 
space index. We use the ununderlined version of these indices to label the corresponding 
quantities on the worldvolume. The embedded submanifold M, with local coordinates y M , 
is given as z—{y). 
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The suitable pullbacks of the super 3-form and the induced metric are 
Aijk = dj z—dj z—dk z—A pnm , 
Hi = {d i z^-EM & ){d j z^E^)r ]gk , (D.l) 



where r] a b is the Minkowski metric in eleven dimensions and Em— is the target space su- 
pervielbein. We define the basis one-forms E— = d^diz—Eyi— and E A = da r d r y M Em A , 
where Em A is the supervielbein on M5. The embedding matrix Ea— plays an important 
role in the description of the model, and it is defined as 

E A ^ = E A M d M z^EM A , (D.2) 

Here, we give the nonlinear field equations of the superfivebrane equations, up to second 
order fermionic terms, that follow from the superembedding condition E a — = 0, which are 
proposed to arise equally well from the ^"-constraint T a BC = 0, where we have introduced 
the super 2-form A2 and the following super 3-form in M5: 

^3 = dA 2 - flA 3 . (D.3) 

and where /| is the pullback associated with the embedding map f§ : M§ M_. The 



details of the procedures can be found in [232, 231 1 . A key point is the emergence of a 



super 3-form h in world superspace. This form arises in the following component of the 
embedding matrix 

E a ^ = u^+hj'u^, (DA) 

where, upon the splitting of the indices to exhibit the USpiA) R-symmetry group indices 
i = 1, 4, we have 

h/ -» W = ^(j abc ) a(3 h abc , (D.5) 

where h abc is a self-dual field defined on M. The pair (u a —, u a /—) make up an element of 
the group Spin(l, 10). 

The superembedding formalism was shown to give the following complete M5-brane 
equations of motion: 

Ea-Ej 3 ' (T a )p, a = 0, 
r, ab V a E b ^Ea b ' = -l(T b ' a )^Z a / , 



where 



v c /w = -i(r c r ob ) 7 ^z c / , (d.6) 



Zap 1 ' = V (e^T^ - E a ^(V y E/)E 5 ,i) Ej . (D.7) 
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Recall that the inverse of the pair (E A ^-,E A ^) is denoted by {E A A ,E A A ') and that A = 
(a, a) label the tangential directions while A' = (a', a') label the normal directions to the 
M5-brane worldvolume. 

The non-vanishing parts of the target space torsion components T a g^ are given by 

Tgjr 1 = - — (r— ) ep-FgZxd — -^^(T abcde ) a F^^ , (D.8) 
and Ta^. The only other non- vanishing components of F4 are 

Fgb yS = -i(^ab)^S • (D-9) 

The covariant derivative V has an additional, composite 50(5, 1) connection of the form 
(Vu)ti" 1 as explained in more detail in |232fl . 



The M5-brane equations of motion ( p.6| ) live in superspace [230, [233|| , The component 
(i.e. Green-Schwarz) form of these equations has also been worked out [232 1 . Up to fermionic 
bilinears, the final result is: 

fa(i-r) 7 V = 0, 

G mn V m T npq = Q- 1 [AY - 2(mY + Ym) + mYm] pq , 

Q_ 

-9 

Several definitions are in order. To begin with, 



fimnyj c c _ Q mi-ws / J_ rpa , 1 rpa r \ p c f-r\ i n\ 

v m < -"n — , 1 y6! mi---mg i (31^ mim2Ti3 m^m^mf, J *a ■ \u.fJ) 



m a b = 5 a b - 2k a b , k a b = h acd h bcd , Q = (1 - ftr k 2 ) , 
Y ab = [4 * F - 2(m * F + *Fm) +m* Fm] ab , 

Pa & =S^-Sa m Sr^, *F ab := ^= e "/F cde/ , (D.ll) 

The fields .F a ft c , F^ ...^ and its Hodge dual F ai ...„ 7 are the purely bosonic components of 
the superforms 

jr 3 = dA 2 -O i , F 4 = cL4 3 , F 7 = dA 6 + \ A 3 A F 4 . (D.12) 
The remaining nonvanishing component of F7 is 

Fgjtqbcde = — ^(r a b c de )q/3 • (D.13) 
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The target space indices on F4 and Ff have been converted to worldvolume indices with 
factors of £ m - which are the supersymmetric line elements defined as 

£ m -(x) = d m z^E K - at = 0, 

£ m -(x) = dmZ^-Eu- at 9 = . (D.14) 

The metric 

Tmn(^) = £m~£n~^]ab = &m &n Vab (D.15) 

is the standard GS induced metric with determinant g, and G mn is another metric defined 
as 

G mn = (m 2 ) ab e a m e b n . (D.16) 

Let us note that the connection in the covariant derivative V m occurring in ( gig ) is the 
Levi-Civita connection for the induced metric g mn up to fermionic bilinears. 

A key relation between h abc and T a bc follows from the dimension-0 components of the 
Bianchi identity dTj, = —£4, and is given by 

habc = \m a d Tbcd ■ ( D -17) 

The matrix V is the 9 = component of the matrix Tr$\ introduced above and it is given 
by 

- exp {-\T mnp h mnp j\ f , (D.18) 



r 4- ih mn Pr 

'3 mn P 



where 



7 = 7 ^ rT =e m ^T mi ... m6 , (D.19) 
r = £ ±T Y b = T m e b e b = E a m b 

The K-symmetry transformation rules are 

= , 

s K ^ = ^(i+r)/, 

S K h abc = -^m d[a £ d {l-T)T bc] K , (D.20) 



where T is given by ( p. 18 ). The K-symmetry transformations are the fermionic diffeomor- 



phisms of the M5-brane worldvolume with parameter K a = K—E a a . It follows that 

d K F 3 = {d,i K }T 3 = -i K F 4 , (D.21) 
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which can also be verified by direct computation by combining ( 4.1 9| ) and ( p.20 ). 



The equations of motion ( [4,13| ) have been shown [234] to be equivalent to those which 



follow from an action with auxiliary scalar field [235]. 

We conclude this section by elucidating the consequences of the central equation ( [4.19 ). 
To this end, we first note the useful identities 

habeh = ^[a^b] ^ ' 

kackb = g^afetr k , 

k a d h b cd = k [a d h bc]d , (D.22) 



which are consequences of the linear self-duality of h abc . Taking the Hodge dual of ( [4.19 ) 
one finds *J- abc = —J~ abc + 2Q~ 1 m a d J : bcd . Using the identity m 2 = 2m — Q, we readily find 
the nonlinear self-duality equation 

* -F mnp — Q G m ^ J~ n pq . (D.23) 



This equation can be expressed solely in terms of J-3. To do this, we first insert (4.19) into 
(4.20), which yields the identities 



T abe T cd * = 25 [ ^X b] d] + \K- 2 X [a c X b] d + 2{K 2 - l)6f a 5 d , 
X ac X b c = 4K 2 (K 2 -l) Vab , 

X a d T bc d = X^^bc\d ■ (D.24) 



where we have defined 



K = yjl + ±T^T abc , (D.25) 
X ab = \K*T a cd T bcd . (D.26) 



Next we derive the identities 



Q(K + 1) = 2, 

X ab = \T acd T b cd ' - ±r} ab T cde T cde = AK(l + K)k ab . (D.27) 
We can now express ( [4.21 ) entirely in terms of J-3 by deriving the identity 

Q ^G mn = Krj mn — \K ^ X mn . (D.28) 



99 



Another way of writing ( 4.21 ) is 

Kbc = W + K)- 2 ^^^, (D.29) 
where if is a root of the quartic equation 

(K + lf(K-l) = ±F +abc K de F +def Ff bc . (D.30) 

E The Lagrangian, symmetries and transformation rules of 
the D3-brane 

Here we present a Lorentz invariant and super symmetric worldvolume action for all Type 



II Dirichlet p-branes, p < 9, in a general Type II supergravity background [236]. The super 
Dirichlet p-brane action, in a general N = 2 supergravity background (for the string-frame 
metric) takes the form 

Sd = SdDBI + Sdwz (E-l) 

where 

S d DBi = ~T d J d d Ce~^-det( lij + ^ ll ) (E.2) 

is a Dirac-Born-Infeld type action and Iwz is a Wess-Zumino (WZ) type action to be 
discussed below; Tij are the components of a 'modified' 2-form field strength 

T = F-B , (E.3) 

where F = dV is the usual field strength 2-form of the BI field V and B is the pullback 
to the worldvolume of a 2-form potential B on superspace, whose leading component in 
a ^-expansion is the 2-form potential of Neveu-Schwarz/Neveu-Schwarz (NS-NS) origin in 
Type II superstring theory. We use the same letter for superspace forms and their pullbacks 
to the worldvolume since it should be clear from the context which is meant. Superspace 
forms may be expanded in the coordinate basis of 1-forms dZ M or on the inertial frame 
basis E A = dZ M Em A , where Em A is the supervielbein. The basis E A decomposes under 
the action of the Lorentz group into a Lorentz vector E a and a Lorentz spinor. The latter is 
a 32-component Majorana spinor for II A superspace and a pair of chiral Majorana spinors 
for IIB superspace. Thus 

(E a ,E aI ),I= 1,2 (E.4) 

for Type IIB. We allow a to run from 1 to 32 but include a chiral projector as appropriate. 
The worldvolume metric gij appearing in ( |E.2| ) is defined in the standard way as 

7lJ = E^E h ^ ah (E.5) 



100 



where r] is the D = 10 Minkowski metric and 

Ef = d t Z M E M A . (E.6) 

Thus Idbi is a straightforward extension to superspace of the corresponding term in 
the bosonic action. The same is true for the WZ term. We introduce a R-R potential A as 
a formal sum of r-form superspace potentials A^ r \ i.e. 

10 

A = A(r) • ( E -7) 

r=0 

The even potentials are those of IIB supergravity while the odd ones are those of II A 
supergravity. In the bosonic case one could omit the 10-form gauge potential F^ 1 ^ on the 
grounds that its 11-form field strength is identically zero. But an 11-form field strength on 
superspace is not identically zero; in fact we shall see that it is non-zero even in a Minkowski 
background, a fact that is crucial to the At-symmetry of the super 9-brane action. 
The WZ term can now be written as 

S d wz = T d [ Ae T + mlcs (E.8) 
Jw 

where, in the first term, the product is understood to be the exterior product of forms 
and the form of appropriate degree is chosen in the 'form-expansion' of the integrand, i.e. 
(p + 1) for a Dirichlet p-brane. The Ics term is a (p + l)-form Chern-Simons (CS) action 
that is present (for odd p) in a massive II A background; its coefficient m is the II A mass 
parameter. This WZ term is formally the same as the known bosonic Dirichlet p-brane WZ 
action, but here the forms and B are taken to be forms on superspace, e.g. 

This illustrates the standard normalization and the 'reverse order' convention for compo- 
nents of superspace forms. This convention goes hand in hand with the convention for 
exterior differentiation of superspace forms in which the exterior derivative acts 'from the 
right'. Thus, 

dA& = -dZ M ' ■ ■ ■ dZ Mr dZ N d N A Mr ... Ml (E.10) 
The field strength for the R-R field A is 

F(A) =dA — HA + me B (E.ll) 

where m is the mass parameter of the II A theory. F(A) can be written as the formal sum 

n 

F(A) = p{n) ■ ( E - 12 ) 

71=1 
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Note that the top form is an 11-form because we included a 10- form A^ 10 ^ in the definition 
of A. The field strengths will be subject to superspace constraints, to be given below 
for bosonic backgrounds, in addition to the constraint relating the bosonic components of 
to the Hodge dual of the bosonic components of _p( 10 ~ n ) . 

Each term in flE.l|) is separately invariant under the global II A or IIB super-Poincare 
group as well as under (p + l)-dimensional general coordinate transformations. However, 
local kappa symmetry is achieved by a subtle conspiracy between them, just as in the case 
of super p-branes with scalar supermultiplets. 

In these lectures, we are primarily interested in the D3-brane and so may set p = 3 in 
the above formulae. 



F D=4, N=2 gauged supergravity 



The SO (8) gauged N = 8 supergravity in four dimensions was obtained in [157, 158] by 



gauging an SO (8) subgroup of the global Ej symmetry group of [189, |190| . To avoid some of 
the complications of non-abelian gauge fields, one may consider a truncation of this model 
to N = 2, for which the bosonic sector comprises the metric, four commuting U(l) gauge 
potentials, three dilatons and three axions. In the absence of axions, this truncation was 
obtained in [ 150 1 by working in the symmetric gauge for the 56-bein and incorporating 



three real scalars. As was noted, there is a straightforward generalization of the scalar 
ansatz to allow for complex scalars. Taking into account the E-j self-duality condition 

j, 1 r . . Jjmnpq 



'Hjki = ■fiCijkimnpq<P'""" l ' q , the scalar ansatz of [15C] may be generalized as: 



^ H = <f> ijkl = V ^[$(l) e (12) + $(2) e (13) +$ (3) e ( 1 4) + ^l) e (34) + ^) e (24) + ^3) e(2 3) ] „ fcjj 



where we follow the notation and conventions of |150| (including the definition of SO (8) 
index pairs). Note that the three complex scalars may be parameterised in terms of their 
magnitudes and phases as $W = ^(*)e*^. 

Here, we shall consider the full N = 2 truncation, where the three axions are included 
as well as the other fields. In fact the structure of the potential is little changed. We find 
that the Lagrangian including the axions may be written in the form 



e~ x U = R~kYl (W* } ) 2 + sinh2 fl^W ) 2 ) -l(F$ + M a pF(®+^+h.c.)-g 2 V , (F.2) 

i 

where the potential is given simply by 

V = -8(cosh </>M + C osh ^ + cosh <p^ ) . (F.3) 
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The complex symmetric scalar matrix M is quite complicated, and incorporates all three 
complex scalars $W in a symmetric manner; this is presented below. 

In terms of the N = 2 truncation, the three complex scalars each parameterise an 
SL(2; R)/SO{2) coset. This may be made explicit by performing the change of variables 

(00,0(0) 

cosh 00 = cosh (fi + ~Xi e<Pi > 
cos00sinh00 = sinh<^j 



1 2 is, 



sin 00 sinh^W 
Defining the dilaton-axion combinations 



as well as 



we finally obtain the bosonic Lagrangian 

e -i£ 4 = R-\Y J ((d^) 2 + e 2 ^(d Xt ) 2 ) - \{F$ + M a pF^ v + h.c.) - g 2 V 

i 

The potential V is now given by 

^ = - 8 E( cosh ^ + ki e ^ 

and the scalar matrix is 





- e -Ai 




e^B 2 


e^B 3 ' 


1 




e- X2 A 2 A 3 


-e~^A 3 B 3 


-e~^A 2 B 2 


D 


e^ 2 B 2 


-e-^ 3 A 3 B 3 


e- x ' A AiA 3 


-er^AyBx 




_e^ 3 B 3 


-e~^A 2 B 2 


-e'^AxBi 


e~ XA AiA 2 



where 



D = 1 + xl e 2ipi + xl e 2lp2 + xl ^ ~ 2i Xi X2 X3 e* 1+ *» + ™ . 



The scalar combinations {A} are defined as in [15C]: 

Ai = 

A 2 = 

A 3 = 

A 4 = 



tp x - <p 2 - ip 3 , 

^1+^2 + ^3 , 
ifl- tp 2 + (f 3 , 



(FA) 





Ai = l + X 2 e 2 ^ , 


(F.5) 


Bi 


= X2 X3 e V2+lf3 + %x\ e Vl , 




B 2 


= XiX3e lpl+ip3 +iX2e* 2 , 




B 3 


= XiX2e pl+ip2 +iX3e vs , 


(F.6) 



(F.7) 



(F.8) 



(F.9) 



(F.10) 



(F.ll) 
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While this N = 2 truncation of the N = 8 theory essentially treats all four U(l) gauge 
fields equally, it was noted that one can make contact with the theory obtained by reduction 
of a closed string on T 2 through dualisation of two of the gauge fields. To be specific, we 
dualise F^} and F^} , which singles out the dilaton-axion pair S = X2 + ie _¥P2 . After an 



additional field redefinition S 

R 



-1/5, we obtain the bosonic Lagrangian 



— 1 /"dualized 

e l,a 



2 



+ ±Tr(dMLdML) - g 2 V 



\e-^F T {LML)F - \ X 2 F T L*F , 



(F.12) 



where the potential is still given by ( |F,8| ). The scalar matrix M is given in terms of the 
SL(2;R) x SL(2;R) vielbein 

1 — Vq 1 I 1 — V1 

(F.13) 



(F.14) 





"1 -X3 _ 


® e^ 2 


"1 


-xi ' 




e™^ 3 _ 










by M = V T V, and the gauge fields have been arranged in the particular order 



F„ 



F, 



(3) 5(4) 



',(2) 



-F, 



(l)lT 



/ii/ — L - 1 M 1 ' A 4 ' 7 ^ 

Finally, L = a 2 (8> c 2 satisfies L 2 = J4, where cr 2 is the standard Pauli matrix. It is worth 
mentioning that the pure scalar Lagrangian can be expressed as 

3 



e^Acaiar = E [ " ^dMidMj 1 + ighrM, 



1=1 



where .Mj = Vj and Vj is given by 







(F.15) 



(F.16) 



We see that, save for the potential, the dualized Lagrangian is indeed of the form 
obtained from T 2 compactification from six dimensions. In this case, two of the SL(2; R)'s 
now correspond to T-dualities while the third corresponds to 5-duality. Note that the 
initial choice of which two field strengths to dualise has determined which of the three 
dilaton-axion pairs (<Pi,Xi) 1S to be identified with the strong-weak coupling SL(2;R). 

Having shown that the bosonic Lagrangian is considerably simplified by dualising to the 
field variables that arise in the T 2 reduction, we may re-express the result JF.12Q in the 



more explicit notation of 168 , 191]. Thus the bosonic sector of the gauged U(l) 4 theory 
may be written as 



R-Ud<ff 



(d X f 



)12j 



1 J>12-0 



W 2) 



9 2 V 



1 (e^ (F {2)1 ) 2 + e b ^ {F {2) ) 2 ) - \ X F^F p(T , 



(F.17) 
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where the field strengths are given by 

F (2) i = dA w i + dA (0) i 2 A 2 (1) , = dA\ 2) - dA\ 0)2 A 2 W , 

F m2 = dA {1)2 - A\ 0)2 dA ml - dA (0) i2 A 1 ^ , T 2 ^ = dA 2 m . (F.18) 

Here x, ^4( )i2 and A l {0)2 are the axions X2, Xi an d X3> and the potential is given by QF.Ej) , 
The inclusion of the potential term in the gauged supergravity theory breaks all three 
SL(2; R) symmetries to 0(2), acting as r — ► (ar + b)/(cr + d), where 

/ a b\ ( cos a/2 sin a/2 \ 
\c d j \ — sin a/2 cos a/2 / 

In terms of the original ((/>,9) scalar variables in ( |F.2| ), this 0(2) subgroup corresponds to 
9 — * 9 + a. The 0(2) symmetry is, however, sufficient for generating dyonic solutions. 
Nevertheless, we note that the fermionic sector and in particular the supersymmetry trans- 
formations are not invariant under this symmetry of the bosonic sector. One manifestation 
of this particular situation is the fact that magnetic black holes of this theory are not su- 
persymmetric, even though they may be extremal. Furthermore, in a related note, while 
it is clear that the dualisation procedure performed above runs into difficulty in the full 
N = 8 theory with non-abelian SO (8) gauging, the fermionic sector does not admit such a 
straightforward dualisation, even in the N = 2 abelian truncation. This is easily seen by 
the fact that the gravitini are necessarily charged under the gauge fields and hence couple 
to the bare gauge potentials themselves. 
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